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ABSTRACT
A v a r ia t io n a l  technique has been developed which employs a i r  
q u a l i ty  m onitoring da ta  to  o b ta in  s p a t i a l  es tim ates  of contam ination 
fo r  a mesoscale a rea . A source inventory  can be estim ated  from t h i s  
technique which employs two or more contamination measurements and a 
r e p u ta b le  a n a ly t ic a l  d i f fu s io n  model to b es t  f i t  s tren g th s  to  a system 
o f  s t r a t e g i c a l l y  placed h y p o th e t ic a l  sources as well as determine an 
optim al background contam ination. At l e a s t  two samples are  needed 
because th e re  i s  a minimum of two unknowns. The samples can be from 
the same time i f  they are  n o t  from the  same lo c a t io n  or as few as one 
per time period  i f  the d i f f u s io n  model r e f l e c t s  changing d isp e r s io n  
c o n d it io n s .  The solved param eters are  applied  in the same d i f fu s io n  
model to  e s t im a te  the  tru e  contam ination p a t te rn s  w ith  an optim al en­
semble of plumes. A v a r i a t io n a l  f i l t e r  i s  then implemented to smooth 
the  noisy  p o r t io n s  of the a n a ly s is .  The te s t in g  of the techniques on 
sim ulated d a ta  was s a t i s f a c to r y .  Real SÔ  da ta  were obtained  from a 
survey o f the Blackwell Zinc Company, Oklahoma, and use of these  d a ta  
gave r e a l i s t i c  p a t te rn s .
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A VARIATIONAL TECHNIQUE FOR MESOSCALE OBJECTIVE 
ANALYSIS OF AIR POLLUTION
CHAPTER I 
INTRODUCTION
Urban a reas  genera lly  have very  sparse  a i r  q u a l i ty  monitoring 
d a ta ,  i f  any, except fo r  the  la rg e  sca le  a i r  resource  p ro je c ts  such 
as the study c u r re n t ly  in  process in  S t. Louis (Changnum, e t  a l . ,
1971). An awareness of the b io lo g ic a l ,  medical and economical p ro ­
blems of a i r  p o l lu t io n  i s  dependent upon a sound an a ly s is  of the contam­
in a tio n  s i t u a t i o n .  For example, the N ashv ille  a i r  p o l lu t io n  study 
(Zeidberg e t  a l . ,  1964) used such d a ta  to  demonstrate a p o s i t iv e  co r re ­
l a t io n  o f  m orb id ity  with contam ination as determined by a dense samp­
l in g  network. Heimbach (1971), however, had to  use estim ates  of clima- 
to lo g ic a l  s u l f u r  d ioxide (SOg) p a t te rn s  fo r  Altoona, Pa., as found by 
a p o l lu t io n  model, to show a correspondence between p o l lu t io n  and lung 
ailm ents as w e l l  as with  b o ta n ic a l  damage. For ro u tin e  use of a i r  
p o l lu t io n  d a ta  in  areas not having a dense sampling network, some v a l id  
technique should be developed to e s tim ate  t ru e  p a t te rn s  of contamination 
from sparse  a i r  q u a l i ty  co n tro l  d a ta .
The in te rp o la t io n  of i r r e g u la r ly  spaced d a ta  to a system of 
r e g u la r ly  spaced p o in ts  i s  a to p ic  in  o b je c t iv e  a n a ly s is .  Few o b je c t iv e
1
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a n a ly s is  schemes have been applied  in  the f i e l d  of a i r  p o l lu t io n .
Mahoney, e t  a l .  (1970) performed a macroscale a n a ly s is  fo r  the New 
England a rea  using  the  SYMAP and SYMVU programs which involve weighted 
in te rp o la t io n  schemes. The method gave reasonable  p a t te rn s  in  a raas  
of dense sampling, however, in  a reas  of inadequate da ta  inpu t,  the con­
c e n tra t io n s  were u n r e a l i s t i c a l l y  h igh.
Many models e x i s t  which estim ate  contam ination p a t te rn s  as a 
func tion  of  source s t re n g th  and va rio u s  m eteoro log ica l param eters. A 
survey of these  i s  p resen ted  in  Chapter I I .  In many of these models 
the d i f f u s io n  c o e f f i c i e n t s  which appeared are  d i f f i c u l t  to determine in 
an urban a re a  where v e r t i c a l  soundings are  not made w ith  s u f f i c i e n t  
frequency (hourly  v e r t i c a l  soundings seem to be re q u ire d ) .  Also, these  
are dependent upon a source inventory which i s  d i f f i c u l t  to determine 
acc u ra te ly .
A very promising a p p l ic a t io n  has been proposed by Wilkins (1971) 
which uses the method of numerical v a r i a t io n a l  a n a ly s is  (Sasaki, 1958). 
W ilkins ' technique would f in d  an optimized p a t te rn  of contamination 
over an urban a re a  which would b es t  f i t  sampling da ta  as w ell as comply 
w ith  the dynamical c o n s t r a in t s  of advection and d i f fu s io n  w ith  source 
and sink terms inc luded . Though a v a r i a t io n a l  an a ly s is  was employed 
in th i s  case , i t  i s  not the  same as e i th e r  of the v a r i a t io n a l  techniques 
developed in  Chapters I I I  and IV.
Statement of Problem
Widespread a i r  p o l lu t io n  episodes such as th a t  of Thanksgiving, 
1966 (F ens te rs tock  and Fankhauser, 1968), involve p o l lu ta n ts  transported  
over long d is ta n c e s  o r over in te rn a t io n a l  boundaries (Royal M in istry  of
3
Foreign A ffa i r s  and Royal M in is try  o f  A g r ic u l tu re ,  1971). H all and 
Hagan (1971) have shown th i s  to  be the  case  in  a su b jec t iv e  a n a ly s is  
o f  an episode which occurred  in  the  c e n t r a l  United S ta te s ,  August,
1970. Thus, a r e c e p to r  lo c a t io n  should be a f fe c te d  by d i s t a l  sources 
which c o n tr ib u te  the  background contam ination . Local sources, which 
account fo r  peaks, a re  superimposed on the background concen tra tion .
An a n a ly s is  techn ique should d is t in g u is h  between the  two i f  i t  i s  
to  be used ro u t in e ly  in  p lann ing , abatement and re sea rc h .
The technique to be developed addresses  i t s e l f  to th re e  ques­
t io n s :  a) how can sparse  a i r  q u a l i ty  co n tro l  d a ta  be used e f f e c t iv e ly
to  provide contam ination  p a t te rn s  as a fu n c t io n  o f  background and 
lo c a l iz e d  c o n t r ib u t io n s ,  b) how i s  t h i s  to be done w ithout u t i l i z i n g  a 
source inven tory  or w ithou t knowing the background contam ination, and 
c) how can the co n cen tra t io n s  due to  lo c a l  sources and d i s t a l  sources , 
namely background con tam ination , be sep a ra ted .
The methods developed in  Chapters I I I  and IV, and te s te d  in  
Chapters VII and V II I ,  a re  an a ttem pt to  do t h i s  by using a v a r i a t io n a l  
approach to  optim ize a background contam ination and a system of hypo­
t h e t i c a l  source s t r e n g th s  or "pseudo-sources" which b e s t  f i t  the da ta  
and any ap p lied  d i f f u s io n  model. An o b je c t iv e  a n a ly s is  i s  completed 
where the d i f f u s io n  model in co rp o ra te s  th ese  optim ized parameters to 
o b ta in  p o l lu t io n  v a lues  a t  the evenly spaced g r id  lo c a t io n s .  A low- 
pass v a r i a t i o n a l  f i l t e r  i s  then ap p lied  to  smooth the  noisy  p o r t io n s  
of the r e s u l t i n g  pseudo-source plume ensemble.
CHAPTER I I
DIFFUSION MODELING: A REVIEW AND APPLICATION
A n a ly t ic a l  Solu tions to  D iffu s io n  Equation 
The p re d ic t io n  o f  atmospheric d i f f u s io n  had i t s  beginnings during 
World War I  when i t  was necessary  to  understand the f a te  of smoke and 
poison gas (Ross, 1970). During t h i s  period  th e re  were many a n a ly t ic a l  
so lu t io n s  derived  fo r  s im p lif ie d  v e rs io n s  of the  d i f f u s io n  equation
dy^  -  V.KVX + source term -  s ink  term = 0 . (2.1)
H a lt in e r  and M artin  (1957) and Sutton (1953) give a review of the so lu­
t io n s  fo r  v a r io u s  boundary and i n i t i a l  c o n d it io n s .  The f i r s t  a p p l i ­
c a t io n  was done by Bosanquet and Pearson in  1936 (Montgomery and Corn, 
1967) and many more followed. The s p e c i f i c s  of these  models are l i s t e d  
in  Appendix B.
For the  case o f  F ick ian  d i f f u s io n  where the mean wind is  zero , 
(2.1) fo r  one dimension i s  w r i t t e n :
= (2-2)
The genera l s o lu t io n ,  as shown in  Appendix A, i s  (Courant and H i lb e r t ,  
1962)
X = - ^  exp [ ^ ]  , (2.3)
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The constan t c can be determined fo r  an Ins tan taneous puff of 
smoke having the following cond itions :
X ”* 0 as t  “• 0 fo r  x f  0 ,
X " * 0  as x - * i o o ,
and f X dx = Q ,
•00
and the so lu t io n  i s  now given as:
X = ■ • exp [-x^ /4K t] . (2.4)
2VrrtK
This i s  e a s i ly  extended to  homogeneous d i f fu s io n  in  th re e  dimensions 
(Roberts , 1923):
 ̂ • (2-5)
For h o r iz o n ta l  steady s t a t e  cond itions  from a p o in t  source where 
advection  f a r  exceeds downwind d i f f u s io n ,  Eq. (2 .1) i s  r e w r i t te n  as
(2-S)
Assuming the 5 i s  co n s tan t ,  the b a s ic  so lu t io n  of Eq. (2 .6) fo r  a poin t 
source a t  x = 0 i s
' 3  ] - <2.7)
Applying the  cond itions
X " * 0  as y -* ^





üx dy = Q, a source r a t e  ,
the  co n s tan t of (2 .6) can be found:
X = —^ —  exp [ -  uy^/4Kx] . (2.8)
2|/nKx"
Extension in to  th re e  dimensions assuming a homogeneous K gives
The Gaussian Plume Assumption 
The r e s u l t s  (2 .4) through (2 .9 ) ,  though derived  a n a ly t i c a l ly ,  
can be compared to  a binormal d i s t r ib u t io n  in  the v e r t i c a l  and c ro ss-  
wind d i r e c t io n s  m u l t ip l ie d  by a downwind s t r e tc h in g  term, 1 /u , which 
r e s u l t s  from the assumption th a t  x = u t .
X = - S y _  exp [ -  (2.10)
2rT0"̂ u 20'̂
where ct re p re se n ts  the s tandard  d ev ia t io n  of a homogeneous p o l lu t io n  con­
c e n tr a t io n  p r o f i l e  in  the v e r t i c a l  and cross  wind d i r e c t io n s .  ■ One v e r i ­
f i c a t i o n  of t h i s  Gaussian co n f ig u ra t io n  has been proven by Syono (1953) 
using random walk.
Eq. (2.10) i s  e x ac t ly  equ iva len t to (2 .9) i f
a  = V2KX/Ü . (2.11)
I s o t ro p ic  turbulence i s  r a r e ly  the case , th e re fo re
and the transform from the  a n a ly t ic a l  so lu t io n  to Eq. (2 .12) i s  accom­
p lish ed  by s e t t in g
dy = ^2KyX/u , and = \/2K^x/u . (2.13)
The eddy d i f f u s io n  c o e f f i c i e n t s ,  K 's ,  are very d i f f i c u l t  to 
e s t im a te .  R ather,  the  p ra c t ic e  has been to  determine the standard  dev ia ­
t io n s  em p ir ic a l ly  using  a t r a c e r  o r  some id e n t i f i a b l e  contaminant. This 
technique has given very  s a t i s f a c to r y  r e s u l t s  in  the  mesoscale and the 
Gaussian plume models have th e re fo re  enjoyed a good measure of success. 
Taylor (1920) ,in  the f i r s t  s t a t i s t i c a l  trea tm ent of the  d i f f u s io n  problem, 
r e l a t e d  a p a r t i c l e ’ s s tandard  d e v ia t io n  of  crosswind d is ta n c e ,  y, to  the 
Lagrangian a u to c o r re la t io n  c o e f f i c i e n t  o f  the wind v e lo c i ty  component 
crosswind to  the  average wind d i r e c t io n  ( v ' ) .
72  = a  ^ = 2V 2 f  /  R(S)d5dt (2.14)
y qJ  0*'
This Lagrangian e s t im ate  of s tandard  d ev ia t io n  can be used as an e s tim ate  
o f  the s p a t i a l  (E u ler ian )  s tandard  d e v ia t io n  o f  many p a r t i c l e s  i f  the 
ergodic  p r in c ip a l  i s  v a l id  (Munn, 1966). That i s ,  when time averages fo r  
one p a r t i c l e  a re  the same as space averages fo r  many.
Other Modeling Techniques
Several o th e r  models have been app lied  w ith  some success. More 
than a very  b r i e f  mention of them i s  beyond the scope o f t h i s  d iscu ss io n .
The s im plest i s  the  "box model" (L e ttau ,  1970) where an inventory  o f  con­
tam ina tion  inpu t and ou tpu t i s  used to  e s tim ate  p o l lu t io n  con cen tra tio n s  
w i th in  a box bounded by the  s u r fa c e ,  mixing h e ig h t  and width of concerned 
a rea .  T ransport i s  done through h o r iz o n ta l  advection through the boundaries 
and in s ta n t  v e r t i c a l  mixing.
The " top  h a t  model" (Turner, 1969) i s  a s im p lif ie d  v e rs io n  of Eq. 
(2 .1 2 ) .  In s tead  o f  a binormal d i s t r i b u t i o n  of c o n ce n tra t io n ,  the contami-
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nants  a re  assumed to  have a co n s tan t  d e n s i ty  v e r t i c a l l y  throughout a 
mixing la y e r  o f  depth D and h o r iz o n ta l ly  on a downwind a rc ,  u s u a l ly  tt/B 
r a d ia n s .
^  “ Drrxü (2.15)
This model has  given adequate r e s u l t s  fo r  long term averages and i s  much 
l e s s  cumbersome than (2 .1 2 ) .
There a re  s e v e ra l  c la s s e s  o f  s t a t i s t i c a l  models which involve 
c lim ato logy and re g re s s io n  (Mahoney, 1970). The clim atology approach i s  
u se fu l  when th e re  i s  no weather or source in form ation  a v a i la b le  as fo r  a
long range p o l lu t io n  f o r e c a s t .  The g en e ra l iz ed  re g re ss io n  fo rm ulation  is
i n
X = X u  + S E a , , bJ , (2.16)
i= l  j=-m
where Xy i s  background contam ination, the b ' s  are  p re d ic to r s  such as in ­
v e rs io n  h e ig h t  and dewpoint which a re  taken to  the j t h  power and the  a ' s  
a re  r e g re s s io n  c o e f f i c i e n t s .  Because these  models involve h i s t o r i c a l  d a ta ,  
they a re  l im i te d  to  p re d ic t io n s  which assume no change in  source c o n f ig u r­
a t io n .
More r e c e n t ly ,  models involv ing  numerical so lu t io n s  of the d i f f u ­
sion equation  (2 .1 )  have been app lied  (see fo r  example, Pandolfo e t  a l . ,
1971; Egan and Mahoney, 1972). These involve some form of boundary lay er  
model to  p r e d ic t  or analyze the  m e teo ro lo g ica l  param eters . The g r e a te s t  
problem i s  to  e s tim ate  the eddy d i f f u s i v i t i e s  which are  a fu n c tio n  of 
space s c a le s  and averaging time as w e ll  as m eteo ro log ica l  parameters determined 
by a boundary layer  model. The i n i t i a l  co n d it io n s  to  these  models have 
been to impose co n cen tra t io n s  which a re  i n i t i a l l y  s e t  to zero or to  a homo­
geneous background le v e l .  A la rg e  enough period  between i n i t i a l  and 
a n a ly s is  or fo r e c a s t  time is  assumed so th a t  the e r ro r  of such i n i t i a l
cond itions  is  damped o u t.
An A pplica tion
The v a r i a t i o n a l  a n a ly s is  scheme described  in  Chapter I I I  r e q u ire s  
a d i f f u s io n  e s t im ate  which i s  s e n s i t iv e  to downwind and crosswind d is ta n ce s  
from a source, wind v e lo c i ty  and s t a b i l i t y .  Two Gaussian plume models 
were chosen, the  P a s q u i l l -G if fo rd  and the USPHS-TVA trea tm ents  (see Appen­
d ix  B, Eqs. (B-7) and (B -9))to  t e s t  the s e n s i t i v i t y  of the a n a ly s is  te ch ­
nique to  d i f f e r e n t  d i f f u s io n  models. The P a s q u i l l -G if fo rd  v e rs io n  tends 
to  spread a plume l a t e r a l l y  f a s t e r  than the o ther fo r  s im ila r  source 
and m eteoro log ical c o n d it io n s .
There were some changes incorporated in to  the  two models to  account 
fo r  volume sources and the long averaging times of the p o l lu t io n  d a ta  used. 
Sources which were o th e r  than a p o in t had t h e i r  h o r iz o n ta l  and/or v e r t i c a l  
s iz e  accounted fo r  by the ad d i t io n  of a constan t to the  re sp e c t iv e  s ta n ­
dard d e v ia t io n  of co n cen tra t io n  p r o f i l e .  These co n s ta n ts ,  w^ and w^, were 
the  width and h e ig h t  o f  the  source divided by 4 .3  (Turner, 1969),
CT Adjusted) = CT + w = a  + w id th /4 .3 ,  
y y y y ’
(Tg (adjustsd)= = c^-r  h e ig h t /4 .3  .
(2.17)
The pub lished  d i f f u s io n  parameters fo r  these models were found for 
sh o r t  sample averaging times of approximately ten  m inutes. The d a ta  used 
in  t h i s  study had averaging times of up to  four hours and very la rg e  eddies 
would in fluence  the d a ta  by in c reas ing  the spread of the average plume. 
These long wavelengths are  ev ident in  plume meandering (Munn, 1966).
Turner (1969) suggests  using a power law to desc rib e  peak to  mean r a t i o s  
using  a ' s  no t a d ju s ted  according to  Eq. (2 .17).
1 0
^  _ g. |-Averaging time (ïïiinutes)jC j^s)
An estim ate  of C can be made using severa l p a i r s  of samples taken
during  the same time period. F i r s t  i t  i s  assumed th a t  the crosswind s tan ­
dard d e v ia t io n  inc reases  l i n e a r ly  downwind.
Cy' = X tanCog] (2.19)
where x i s  downwind d is tan ce  and c  i s  the angular s tandard  d ev ia t io n  of
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the  plume. To e lim ina te  in te r fe re n c e  by v e r t i c a l  d i f f u s io n ,  allow v e r t i c a l  
homogeneity of contamination to a h e ig h t  D. I f  the source s tren g th  i s  Q, 
a p a i r  of samples can be determined as
and
-  Fj Q
The r e l a t i v e  co ncen tra tion , F, is  estim ated  by
F = ----- -----— r exp[- y2/ 2x ,2 t a n k e r . ) ]  (2 . 20)
 ̂ V2rr uDxi tan[cTgJ  ̂ “
The tangen t o f  Cg can be found as a func tion  of the r a t i o s  of samples;
can“[o^] = [ { y ^ i 2 x ^  -  y^^/2x^^)] Infx^x^/XgXg). (2 .21)
The CTy' found by Eqs. (2.19) and (2.21) i s  used in  Eq. (2.18) to 
so lve  fo r  C. The value of C chosen fo r  s tab le  cond itions  a f t e r  examining 
s e v e ra l  cases was 0 .63 . This would m u ltip ly  the d i f f u s io n  parameter, Oy, 
as re fe renced  by Turner ( i b i d . ) ,  by 4.7  fo r  a two hour averaging time.
For u n s tab le  cond itions , C was chosen to  be 0 .4 ,  p rovid ing  a tnjo hour 
f a c to r  of 2 .7 . These values are  somewhat la rg e r  than those l i s t e d  by 
Turner which ranged from 0.17 to 0 .2  fo r  averaging times of le s s  than two 
hours .
1 1
The working equations  used in  the a n a ly s is  which inco rpo ra te  these 
op tions  a re ;
USPHS-TVA:
T = (Averaging t im e /10)^ , (2.22)
1 2 
F = X/Q =  ---------- M--------------- M  exp[-% C  z
2rr(TC x ^  +w ) (C x ^ + w ) (TC x ^ + w  )
y y z z y y
+ r  2^] , (2.23)
and P a sq u il l -G if fo rd :
^ "  mi(Tay + Wy)(a^+w^) 2( a+Wy)^
® -I. (2.24)
2(0 +w )^  z z
The r e f l e c t i o n  term of the P a sq u il l -G if fo rd  trea tm en t i s  no t p re se n t  be­
cause only su rface  va lues  are  considered . Washout and chemical transfo rm a­
t io n  a re  ignored because the samples were a l l  taken w ith in  fou r  m iles  of 
the source. Normally t h i s  process would be approximated by a h a l f  l i f e  
terra (H i ls t ,  1970),
X (adjusted) = X exp[- — (%)] . (2.25)n u
The t r a v e l  time of the contaminant i s  x /u ,  and the h a l f  l i f e  i s  h.
CHAPTER I I I
VARIATIONAL TECHNIQUE TO FIND OPTIMAL SOURCE 
AND BACKGROUND VALUES
To estim ate  p o l lu t io n  p a t t e r n s , t h e  normal o rder of development 
has been: given sampling d a ta  and a source inventory , f ind  a d i f fu s io n
model o r  d i f f u s io n  c o e f f ic ie n t s  which b e s t  f i t  the d a ta .  A d i f f u s io n  
model found in  such a manner i s  extrem ely lo ca l ized  and keenly  s e n s i t iv e  
to  m e teo ro lo g ica l  param eters. Also, the  source in v e n to r ie s  a re  u su a l ly  of an 
undependable n a tu re .  The technique to  be developed in  th i s  chapter uses a 
d i f f e r e n t  approach--sampling d a ta  and any repu tab le  d i f f u s io n  model are  
used to  optim ize a background contam ination and the magnitudes of a system 
of s t r a t e g i c a l l y  placed h y p o th e t ic a l  sources or "pseudo-sources" . These 
optim ized parameters are  then input to the same model to  o b ta in  an e s t i ­
mate o f  the contam ination s i t u a t i o n  over a g r id .
D eriva tion  of A nalysis  Equations
Each a i r  q u a l i ty  co n tro l  sample, , taken a t  time t  and lo c a tt , n ion
n, i s  assumed to be comprised of a background contam ination, Xy, p lus  a 
summation over I  pseudo-sources o f t h e i r  s t re n g th ,  Q^, times the r e l a t i v e  
c o n ce n tra t io n ,  x/Q = F ( t , i , n ) ,  fo r  th a t  sampling time^
= %b + S i  ' (3-1)
1 2
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There can be a d i f f e r in g  number of samples w ith  re sp ec t  to  tim e, th e re fo re  
the  t o t a l  number o f  samples, N, i s  a fu n c tio n  o f  time:
N ( t ) . The r e l a t i v e  co n cen tra t io n  can be found through one of many a n a ly t ­
ic a l  d i f fu s io n  models (Chapter I I  and Appendix B).
Define the fu n c t io n a l ,  J ,  as the sum of the e r r o r s  squared of the 
es tim ates  as desc ribed  by Eq. (3 .1 ) :
?  i  \  . (3 .2)
This i s  a weak c o n s t r a in t  (Sasaki, 1970a) because Eq. (3 .1) i s  not assumed 
to  be e x ac t ly  c o r r e c t .  The w eight, a,  a f f e c t s  a l l  terms equally  and is  
th e re fo re  suppressed.
An optim al so lu t io n  occurs when the  v a r ia b le s ,  and Q ^ 's , are 
ad justed  such th a t  the  fu n c t io n a l ,  J  o r  t o t a l  squared e r r o r ,  i s  minimized. 
When t h i s  occurs , J ' s  v a r i a t io n ,  6J ,  i s  zero ,
6j  = 2  E Cx^ + E F ( t , i , n )  n^[6X^+Z F(t,k ,n )5Q ^]}  = 0 .
(3.3)
Since the v a r i a t io n s  o f  the v a r i a b le s ,  6Xy and 6Q 's , a re  independent,
Eq. (3 .3 )  can be separa ted  in to  a system of I  + 1 simultaneous equations 
w ith  1 4 - 1  unknowns. For the  k th  ou t of I  source s t r e n g th s ,  (^:
E e{[X -1-E F ( t , i , n ) Q .  -X . ] F [ t ,k ,n l}  = 0 ,  k = l ,  2, . . . ,  I .  T o I  1 t , n
(3.4)
For Xy:
([Xy + Z F ( t , i , n ) Q .  - x ^  J ]  = 0 . (3.5)
The system (3 .4 )  and (3.5) comprises the  an a ly s is  equations  fo r  t h i s  
technique and a re  termed the Euler-Lagrange equation . Their l i n e a r i t y  makes
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seq u en tia l  G auss-S iedel r e la x a t io n  (McCracken-Dorn, 1964) a p p l ic ab le  fo r 
th e i r  s o lu t io n .  The re c u rs io n  formula fo r  the (m+l)th guesses are ,
for Q̂ :
' For
Q<” ) .  s  I  tCXb + z  H t . i .n ) q f > x ^ _  J l / z  |C F ( t . k . o ) ] l
(3.6)
^  (ni+1) ^ (m)_ ^ g F ( t , l ,n ) Q  -  % J ] / Z  N ( t ) . (3 .7 )
b b 2 T N ° I  ^ c ,n  t
The r e la x a t io n  f a c to r s  a re  and y^.  There was some experim en ta tion  with 
these  where v a lu es  from 0.1 to  2 were used fo r  each and the  most rap id  con­
vergence occurred  fo r  = Yg =
Because neg a tiv e  va lues  fo r  background contam ination and source 
s t ren g th s  a re  u n r e a l i s t i c ,  a l l  unknowns must be req u ired  to  converge to 
nonnegative v a lu e s .  The f i r s t  a ttem pt to avoid the n ega tiveness  was a '
s u b s t i t u t io n  o fX y  = and Q = q^ In to  2q. (3 .2) and then d e r iv in g  a new
s e t  of Euler-Lagrange eq u a tio n s .  This approach was u n s a t i s f a c to r y  because 
the i t e r a t i n g  was u n s tab le  s ince  the a n a ly s is  equations  were n o n lin ea r .
The scheme which was l a t e r  adopted was to  r e s e t  a parameter to
zero I f  I t  was c o rrec ted  to  a va lue  of l e s s  than zero fo r  any I t e r a t i o n .
This method enabled the  numerical s o lu t io n  to converge to  a s a t i s f a c to r y  value,
Analysis of Input Error 
A measure o f  the worth of the Euler-Lagrange Eqs. (3 .4) and (3.5)
Is  th e i r  a b i l i t y  to  f i l t e r  ou t the  e r ro r  In the samples. Suppose each 
sample Is  comprised of  a t ru e  v a lu e ,  p lus  a random e r r o r ,  e ( l , n ) .
S u b s t i tu t io n  In to  the  a n a ly s is  equations and sep a ra t in g  the terms y ie ld s ;
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and
Z Z % .F(C ,k ,n) + S Z Z Q F ( t , i , n ) F ( t , k , n )  
T  N  b  T N I  ^
-  2  ZCx (i,.n) 4 -€ ( l ,n ) lF ( tz ,k ,n ) ]  
T N
(3.8)
= 0 , k = a , i
ZN(t)x. + z  z  z  Q^ . F ( t , l , n )  - Z Z  ___ ( i ,n )  + e ( i ,n ) 3  = 0 .
T N tru e
(3.9)
The l a s t  terms o f  (3 ,8) and (3 .9) can be re w r i t te n  as
and
- Z Z CXj.j.„g(i-,n) + e ( i , n ) ]  = -  ^ Z  [ x ^ _ _ ( i , n )  -  S Z s ( i , n ) ]
T N TN true T N
(3.10)
-  I  I  F ( t ,k ,n ) ]  = Z Z [X t^ ^ g ( i ,n )F ( t .k ,n )
(3.11)
’  T N  = ^ |.g C x ^ j^ g .( i^h )F (t ,k ,n ) ]  ,
because the expected va lue  o f  e ( l , h )  i s  zero.
This i s  j u s t i f i e d  as long a s  sample s iz e s  a re  s u f f i c i e n t ly  la rg e .  
Very small samples could add a random b ias  to  the a n a ly s is  which would 
show up as an a l t e r e d  background contam ination.
CHAPTER IV 
A VARIATIONAL LGW-PASS FILTER
The o b je c t iv e  a n a ly s is  found by the; technique described  in  the 
l a s t  chap ter  w i l l  be c lo se  to  the  t r u e  f i e l d  in  the downwind d is tan ceI
sca le  of the d a ta .  Near to  the a re a  contain ing  the pseudo-sources, how­
ever , one can expect erroneous sp ikes  in  the an a ly s is  because of micro­
sca le  d i f f u s io n  being es tim ated  through v a r ia t io n a l  o p tim iza tion  of meso- 
sca le  d a ta .  This ch ap te r  d e sc r ib e s  th e  f i l t e r ,  which i s  implemented to 
remove these  sp ikes  w hile  a t  th e  same tim e leaving la rge  sca le  d i f fu s io n  
phenomena u n a ffe c ted ,  i . e . , a low-pass f i l t e r .  The method o u tl in ed  below 
enables the exac t s p e c i f i c a t io n  o f  a f i l t e r i n g  c h a r a c t e r i s t i c  while  in ­
co rpo ra ting  t ru e  d a ta  and the  optim al guess in the a n a ly s is .
The v a r i a t i o n a l  f i l t e r  used i s  a  simple coupling of an observa­
t io n a l  c o n s t r a in t ,  an optim al guess c o n s t r a in t  as found through the tech ­
niques desc ribed  in  Chapter I I I ,  a f i r s t  order and a second order smoothing 
c o n s t r a in t .  The f i r s t  two c o n s t r a in t s  tend to hold the analyzed f i e ld  to 
the a i r  q u a l i ty  d a ta  and the  optimal g u e ss ,re sp e c t iv e ly  (Sasaki, 1970a).
The f i r s t  o rder c o n s t r a in t  minimizes the  slope throughout the analyzed 
p a t te rn  and the  second o rd e r  c o n s t r a in t  has the e f f e c t  of smoothing out 
the curva ture  o f  the  analyzed f i e l d .  This l a s t  c o n s t r a in t  i s  s im ila r  to the 
cubic s p l in e  term ( F r i t s c h ,  1971; Wagner, 1971; Sheets, 1972). A sp lin e  i s  the 
c u rv e ,in  t h i s  case co n cen tra t io n  p a t t e r n ,  passing through d i s c r e te  po in ts  
which has the  minimum s t r a i n  energy. This occurs when
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/H^ds = minimum . (4 .1),
The a rc  len g th  i s  s and x i s  the cu rva tu re  which i s  a func tion  o f  the second 
d e r iv a t iv e  o f  co n cen tra t io n  w ith r e s p e c t  to  d is ta n ce .
The v a r i a t i o n a l  formalism which inc ludes  these  c o n s t r a in t s  in  
nondimensional continuous form is
6 -X )^+ Q f2<X - x ' ) ^ + P i C ( V / ) % ( 7 y ) t ) ^ ]
+ + 2(y^yX)^ + (VyyX)^]} dn = 0 , (4 .2)
where Ô d e sc r ib e s  the  continuous v a r i a t i o n a l  o pera tion  (Sasaki, 1970a).
The h o r iz o n ta l  x ,y  domain i s  rep resen ted  by Q and the t i l d a  and prime d i s ­
t in g u ish  d a ta  and optimized guess in p u t .  The scaled weights 5^, 3 ^ ,
and 3 2 a s s ig n  p r i o r i t y  to  each of the  r e s p e c t iv e  c o n s t r a in t s .  I f  th e re  is
no a i r  q u a l i ty  c o n tro l  d a ta  a t  a p o in t ,  which i s  u su a lly  the  case , = 0 .
To preserve  symmetry, the c ross  d e r iv a t iv e  has been re ta in ed  in the sp lin e
or second o rder smoothing c o n s t r a in t .
The a n a ly s is  equation  derived  from (4 .2) i s  (see Appendix C fo r  
d e t a i l s  o f  d e r iv a t io n ) :
2(x. -  X) + SfgCx -  X ')  - + V X)
This can be solved num erically  as a boundary value  problem. Proof of
convergence i s  shown in  Appendix D.
C h a r a c te r i s t i c s  of the  F i l t e r  
The monotonie response of va rio u s  wavelengths of s in u so id a l  p a t ­
te rn s  to  Eq. (4 .2 ) i s  w e ll  documented by Wagner ( ib id ) .  Although a i r
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p o l lu t io n  p a t te r n s  a re  approximated by a Gaussian d i s t r ib u t io n »  Wagner's 
a n a ly s is  can be ex p la ined . To s im p lify  the in v e s t ig a t io n  of non- - 
s in u so id a l  re sponse , l i m i t  connsideratlons to one dimension;
5 j 6 (  -  X) -l-SjOc - x ' )  -  = 0 • (4-4)
Allow a plume to  d i f f u s e  in  th e  x - d i r e c t  ion and desc r ib e  the  nondimen­
s io n a l  p r o f i l e  o f  d a ta  and o p tim a l guess by a Gaussian p r o f i l e .
X =X* = C e x p ( - a x ^  (4.5)
Expansion o f  (4 .5 )  in to  a F o u r ie r  s e r ie s  g ives (C h u rch il l ,  1969)
X = X ' = % . „  +  . (4 .6)
where L i s  the  s iz e  o f  the  x-domain. I f  a  p a t te r n  i s  symmetric 
w ith  r e s p e c t  to  the  o r ig i n ,  x=0, Eq. (4 .6) i s  an even fu n c t io n  ( i b i d . )  and 
and the s in e  term should v a n ish .  The analyzed f i e l d ,  x , is .assum ed to  
have the  s o lu t io n
X = %A + E A cos ^  . (4 .7)
o n=l “ ^
S u b s t i tu t io n  o f  (4 .7 ) and the  abbrev ia ted  form o f (4 .6) in to  (4 .4 ) g ives 
the  s o lu t io n  f o r  An
\  = V C :  + ( f ) ' ]  • (4 -8)
I f  i s  de fined  as the  monotonie response fo r  the  nth harmonic, then
1
R = A / a     . (4.9)
Eq. (4 .9) d e sc r ib e s  the  re d u c t io n  in  amplitude o f  the n*"̂  harmonic due to 
an a n a ly s is  performed by the  one dimensional Euler-Lagrange Eq. (4 .4 ) .
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The value o f  ranges from 0 fo r  n = “ , to  1 fo r  n = 0. Because = 1, 
the average value  o f  the  f i l t e r e d  f i e l d  i s  the  same as the n o n f i l te r e d .
The e f f e c t  of a f i l t e r  on a Gaussian plume can be seen a n a ly t i c a l ly ,  
A widely d isp e rsed  plume has a small c o e f f i c i e n t  (a) of Eq. (4 .5) and, 
conversly , a compact plume has a la rg e  ( a ) .  In th i s  case the  a n a ly t ic a l
so lu t io n  to  the  n^^ F o u r ie r  c o e f f i c i e n t ,  a , i sn
2 -  ___,2nnx\ .  , 2
/ ’
(4.10)
a = — I C cos (— —) exp ( -  ax ) dx 
"  ^  -L /2  ^
“  #  i f )  •
where B i s  a co n s ta n t  o f  in te g ra t io n  which approaches tt as L approaches 
This in f e r s  th a t  a compact plume ( la rg e  a) has a g re a te r  c o n tr ib u t io n  from 
the  h igher  harmonics than  the  d isp ersed  plume. Therefore , to  f i l t e r  out
the e f f e c t s  o f  an undispersed  plum e,these h ig h e r  harmonics should be
diminished to  a g r e a te r  degree than the  lower harmonics. These c r i t e r i a  
a re  f u l f i l l e d  by Eq. (4 .9 ) .
F ig . 1 shows the r e s u l t s  o f  a t e s t  which found the  t o t a l  r e ­
sponse of the  mode con cen tra tio n  as a fu n c t io n  o f  plume width  fo r  v a r i ­
ous weight com binations. For convenience, the ab sc is sa  i s  the  nondimen-
s io n a l iz e d  s tandard  d e v ia t io n  o f  the  plume, ct, which i s  a fu n c t io n  of
the parameter (a) of Eq. (4 .5 ) :
a = - ^ .  (4.11)
The w eigh ts  = 1, ~ and ~ 0.05 were chosen fo r
most a p p l ic a t io n s .  Plumes which had a spread corresponding to  a o of le s s  
than 0.25 g r id  i n te r v a l  (= 100 m eters on g r id  used) would have t h e i r  peak 
value reduced to  h a l f  or l e s s .  Plumes w ith  O’ > 1 g r id  in te r v a l  were v i r t u ­
a l ly  u n a ffec ted .  In  some cases th e re  was a problem of convergence to  a
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r e a l i s t i c  s o lu t io n  in  the v i c i n i t y  of a s teep  co ncen tra tion  g ra d ie n t .
F ig . 17 i s  an example o f  t h i s .  The= c re scen t  shaped area  upwind to  the
source has  a  contam ination l e s s  Üian background as a r e s u l t  o f  the  f i l t e r
encountering  a s te e p  c o n cen tra t io n  g rad ien t, in  t h i s  reg ion . Cases 
which dem onstrated t h i s  problem, however, were re run  w ith  the  weight 
changed to  0 .005 . There i s  s l i g h t l y  l e s s  s teepness  of response fo r  
t h i s  c o n f ig u ra t io n ,  b u t  t h i s  a p p l ic a t io n  g en era l ly  converged to  a r e a l i s t i c  
so lu t io n .
Numerical S o lu tion  to  Low Pass Analysis Equation 
In  app ly ing  (4 .3) num erically  as a boundary va lue  problem, the 
continuous nondimensional o p e ra to r ,  V,  i s  rep laced  by t ,  a nondimensional 
cen tered  space f i n i t e  d i f f e r e n c e  o p e ra to r ,  where '
= X ( i - l , j )  + X ( i+ l ^ j )  -  2 x ( i , j )  , _ (4.12)
t y ^ ( i , j )  =X (i, j - l )  +X(1,1+1) - 2x(i,j) , (4.13)
t^jPC(l,j) = X(l-2,j) + x(i+2,j) - 4[x(l-l ,j)  +X(i+l,j)]
+  e x (1 ,3 )  ,
* x x y y % ( l ' j ) "
X(i-l)j-l)  +X(i-l,j+l)  +x( i+ l , j - l )  +X(i+l,j+l) 
- 2[x(i-l,j) +X(i,j-1) +x(i-+l,j) +X(i,j+l)l 
+ 4x(i,j)
(4.15)
^ y y y y X ( i , j )  = X ( i , j ‘ 2 ) 4  "  4 [  X (  ̂  , j  "  l  )  +  X (  ̂  , ^ + l  ) l
(4.16)
+ ex(i,j) .
This scheme cannot be app lied  to  the o u te r  two g r id  p o in ts  because o f  the
and
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fou r th  o rde r  f i n i t e  d if fe ren c e  a lgorithm . Therefore , these po in ts  are 
held  to  the o r ig in a l  a n a ly s is .  Also, the outermost p o in ts  must remain un­
ad justed  because th i s  is  a boundary value problem and the n a tu ra l  boundary 
cond itions  are  ap p lied .  The mesh s ize  used was 20 by 20 allowing ample 
space in s id e  t h i s  border fo r  a so lu t io n .
Each g r id  p o in t has an optimal, guess va lu e ,  % ',  assigned to  i t  
as found by the  op tim iza tion  technique. Air m onitoring da ta  were assigned 
to the n e a re s t  g r id  p o in t .  Most o f  the g r id  p o in ts  had no monitoring d a ta ;  
th e re fo re  the weight 5^ was u su a lly  zero.
Liebmann seq u e n t ia l  r e la x a t io n  was applied  to  solve (4 ,3 ) .  The 
recu rs io n  formula had a re la x a t io n  fa c to r  equal to  one.
= yM _ R e s i d u a l / + «2 + + 20^^  (4.17)
The a n a ly s is  was considered a so lu t io n  when the maximum re s id u a l  was le s s  
than 0.001. This corresponds to  an unsealed s e n s i t i v i t y  of 0.001 micro­




A v a l id  t e s t  o f  the  a n a ly s is  techniques should involve 
sampling da ta  w ith  the fa llow ing  c h a r a c t e r i s t i c s :
1, The d a ta  shcruldi h e  from an  a rea  w ith  an: i s o l a t e d . source,
2, The a re a  ad j a c e n t  t o  t h e  source should: have : an-uncompli­
ca ted  topography,
3, The source s i z e  should approach a p o in t , ,
4 , Although the a n a ly s is  scheme can h a n d le ,d a ta  as sparse  
as one measurement per time p eriod , i t .  would be b e t t e r  to  have 
s e v e ra l  simultaneous measurements per time p e r io d :a v a i la b le ,
5, The chemical a n a ly s i s  o f  the d a ta  must be as p re c ise
as  p o ss ib le  with l i t t l e  time de lay  between c o l le c t io n  and a n a ly s i s ,
Blackwell Zinc Company
In  the summer o f  1971,. an id e a l  s i tu a t io n  developed where a l l  
of the  above c r i t e r i a  were s a t i s f i e d .  The Blackwell Zinc Company 
(See F ig ,  3 ) ,  which is  located  in  n o r th c e n tra l  Oklahoma,arranged to  
have an a i r  q u a l i ty  s u rv e i l la n c e  program conducted by the Department 
of C iv i l  Engineering, th e  U n ive rs ity  of Oklahoma, The purpose of the 
survey was to  determine i f ,  and by how much, the  ambient a i r  s tandards  
were being exceeded,
A computer drawn map of the  Blackwell a rea  i s  shown in  F ig ,  2,
2 2 .
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The surrounding t e r r a i n  i s  f l a t  w ith  c u l t iv a te d  f i e l d s .  The g re a te s t  
roughness i s  in  the c i t y  of Blackwell i t s e l f  (1970 census: 8,645) to 
the ea s t  of the f a c to ry .  There a re  s l i g h t  depress ions  in  the 
topography,the most obvious being the Chikaskia River which meanders 
to  the north  and e a s t  o f  the c i t y .  These could allow re s id u a l  
pockets of contam ination  during periods of poor v e n t i l a t i o n .
I t  was decided to  use the SOg d a ta  in  t h i s  study. Most of the 
SOg i s  em itted  from a 308 f t ,  stack* s a t i s f y in g  the  point source 
c r i t e r i a .  The o th e r  d a ta  a re  of an extremely s e n s i t iv e  na tu re  due 
to  le g a l  proceedings. Although a l l  the su rv e i l la n ce  da ta  were c o n f id e n t ia l  
a t  the time of t h i s  w r i t i n g ,  the p la n t  manager gave permission to  use 
the  SOg da ta  ob ta ined  fo r  August, 1971, in  t h i s  p ro je c t .
The SO  ̂ d a ta  of August used sampling times ranging from one 
and one h a l f  to  four hours .  Three samples were taken sim ultaneously  
a t  po in ts  roughly downwind, s l i g h t l y  across wind and completely o ff  
the  average downwind t r a c k .  The chemical a n a ly s is  scheme was the 
West-Gaeke method (U.S. Department of H ealth , Education, and W elfare,
1965). This method has a 98 pe rcen t c o l le c t io n  e f f ic ie n c y  and d e tec ted  an
upwind c o n ce n tra t io n ,  presumably background, as low as one p a r t  per 
ten b i l l i o n  (0.293 micrograms per cubic m eter.)**, The method 
provides an accuracy of + 10% in  the range 0.005 to  0.10 ppm (14.8 
to  293 micrograms per cubic m eters) w ith  in c reas in g  accuracy in  the 
range 0.1 to  2 ppm, ( i b i d . )  Many of the samples taken were le s s  than 
0.005 ppm which no doubt added a g re a t  d ea l of e r ro r  to  the sm aller
*Personal communication w ith  R.A. M il l ,  School of Environmental 
H ealth , U n ive rs ity  of Oklahoma.
**Personal communication w ith  J.W. C a r te r ,  Department of C iv il  
Engineering, U n iv e rs i ty  of Oklahoma.
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samples. The chemist** s ta te d  th a t  the samples in  the background 
range could only have t h e i r  order of magnitude determined but t h i s  
was rep ro d u c ib le .
The 11th and 17th of August were chosen as t e s t  d a te s .  Both
days a re  week days and rep re sen t  one unstab le  and one s tab le  case
which a re  described  in  Chapter VI, Table I  l i s t s  these  SOg d a ta .
The co n cen tra tio n s  were converted from ppm to  micrograms per cubic
meter by the f a c to r  0,0029264 and the  values are  w ell w ith in  the 1971
N atio n a l A ir  Q uality  s tandards  which are  shown in  F ig ,  10,
**Personal communication w ith J.W, C a r te r ,  Department of C iv i l  
E ngineering , U n iv e rs i ty  of Oklahoma,
CHAPTER VI
METEOROLOGICAL CONDITIONS FOR WO TEST DAYS
In  th e  month of August, 1971, Oklahoma, was c h a r a c t e r i s t i c a l l y  covered 
by summer time highs and r id g es  w ith  occasional.w eak f r o n ts  passing  
through the s t a t e .  Adequate t e s t in g  of the scheme described  in  
Chapter I I I  should include both a ta b le  and u n s tab le  co n d it io n s .  The 
days which were chosen a re  the 11th and 17th of t h a t  month.
August 11
On the  11th o f  August (See F ig s .  4 and 5) a mass of cool 
c o n t in e n ta l  p o la r  a i r  pushed southward behind a weak cold f ro n t  
to  rep lace  the c o n t in e n ta l  t r o p i c a l  a i r  over Oklahoma. The f ro n t  became 
s tag n an t and d i f f u s e  in  the  a fte rnoon ; however, thunderstorms occurred 
in  the  v i c i n i t y .  The soundings fo r  the day (See F ig ,  6 fo r  Oklahoma 
City  soundings) show a n o c tu rn a l  in v e rs io n  in  the morning w ith  
decreasing  s t a b i l i t y  in  the  afternoon* There was enough surface  
hea tin g  during  the a fte rnoon  to  give an a d ia b a t ic  lapse r a t e  to  850 
mb a t  Topeka, Kansas, and su p e ra d ia b a t ic  lapse  r a t e  to  850 mb a t  
Dodge C ity ,  Kansas, on the a fte rnoon  of the e lev en th .  There was a t  
l e a s t  a f iv e  knot wind a t  the  su rface  throughout the  day,
August 17
On the  17th, Oklahoma was under a s tro n g  r idge  reaching  from 
a broad h igh cen tered  over the  Great Lakes. F ig s .  7 and 8 show
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the  lo c a l  su rface  cond itions  fo r 0700 and 1900 CDT, The p a t te rn s  
a re  a conglomerate of small sca le  highs and lows in  a co n t in e n ta l  
t r o p i c a l  a i r  mass. The s t a b i l i t y  in  the morning was high due to 
subsidence and r a d ia t io n  (see F ig . 9 fo r  Oklahoma City soundings) 
bu t daytime heating  o b l i t e r a t e d  th is  in v e rs io n . Dodge C ity  and 
Topeka, Kansas, had enough surface  heating  to  provide a shallow 
su p e rad iab a tic  layer in  the  afternoon. The winds in  the Blackwell 
a rea  were l ig h t  or n i l  from the  southeast p rovid ing  extremely poor 
v e n t i l a t i o n .
Choice of M eteorological Parameters fo r  D iffusion  Estim ation 
The d i f fu s io n  models used in  conjunction  w ith  the v a r i a t io n a l  
op tim iza tio n  needed wind and s t a b i l i t y  da ta  as input param eters . The 
va lues  which were used had to  rep resen t a two to  four hour average, 
th e re fo re ,  sev e ra l  hourly  analyses were needed fo r  each datum. The 
average wind d i r e c t io n  found in  th i s  manner was tempered w ith  a 
guess which was obtained by looking a t  a p lo t  of p o l lu t io n  d a ta .  An 
estim ate  of downwind d i r e c t io n  from survey d a ta  was p o ss ib le  because 
these  d a ta  were taken a t  th ree  s i t e s  fo r  each sampling pe rio d .
The s t a b i l i t y  types fo r  the d if fu s io n  models were estim ated  from 
in te r p o la t io n  among the Dodge C ity , Topeka, and Oklahoma C ity  soundings 
and a method described  by Turner (1969). Turner e s tim ates  s t a b i l i t y  
through use of incoming s o la r  r a d ia t io n ,  cloud cover, and wind speed 
in  h is  comprehensive review of Gaussian plume d i f fu s io n  e s t im a tio n .
CHAPTER VII 
TESTING TECHNIQUES WITH. REAL DATA
The Blackwell survey of August, 1971, obtained  samples from 
th re e  lo c a t io n s ,  the p o s i t io n in g  of which was dependent upon the. 
downwind d i r e c t io n ,  A lo g ic a l  t e s t  of the op tim iza tion  techniques 
o u t l in e d  in  Chapter I I I  would be to  use two lo c a t io n s  in  the an a ly s is  
to  e s tim ate  th e  th i rd  used as a co n tro l  s i t e .  Then, in  a harsher 
t e s t ,  use one lo c a t io n  to  e s tim ate  the  two o th e r s .  The es tim ates  of 
the c o n tro l  lo c a t io n s  can then be compared w ith  the tru e  values fo r  
these  s i t e s .  Each d a ta  c o n f ig u ra t io n  was run tw ice; fo r  the USPHS-TVA 
and the P a sq u i l l -G if fo rd  models (Eqs, 2-23 and 2-24) to  t e s t  the 
s e n s i t i v i t y  to  d i f f e r in g  d i f f u s io n  e s t im a te s ,
A 20 X 20 mesh was used w ith  an in t e r v a l  of 400 m eters.
This enclosed a la rge  i n t e r i o r  which would place a l l  the samples 
w ith in  the  o u te r  two g r id  p o in ts  fo r  smoothing purposes. The maximum 
re s id u a l  allowed in  the  G auss-S iedel re la x a t io n  fo r  the  op tim iza tion  
process (Eqs, 3-4 and 3-5) was 1,0 x 10 This re p re sen ts  a s en s i-
_5
t i v i t y  fo r  the pseudo-sources of 10 grams per second fo r  F = y/Q
-3
in  the  range o f 0,01 sec m , For the background contamination th i s  
g ives a s e n s i t i v i t y  of 5 x 10  ̂ micrograms per cubic meter when two 
samples a re  used in  the  a n a ly s i s .  The number of i t e r a t i o n s  was dependent 
upon the number of samples used, ranging from eleven fo r  two samples to
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150 fo r  twelve. The lo c a t io n s  of the samples were given in  po la r  
coord ina tes  w ith  the o r ig in  a t  the cen te r  of the f a c to ry .  The fac to ry  
was placed a t  the c en te r  of the g r id  and sample g r id  lo c a t io n s  
determined through elem entary trigonom etry.
P re lim inary  Test R esults
Several t e s t  runs were completed where the optimal background 
contam ination, , was forced  to zero . These were compared to  the 
same cases w ith  optimized as o r ig in a l ly  d e rived . In  a l l  cases 
e r r o r  was added as a r e s u l t  of being forced to  zero .
Experiments were performed to  determine the b e s t  number of 
pseudo-sources fo r  a given number of input samples. S a t i s fa c to ry  
r e s u l t s  were s t i l l  ob tained  when;
Number of pseudo-sources = Number of samples -1 , (7 .1)
and th i s  was shown to  be b e s t  in  p ra c t ic e .  Too many pseudo-sources 
im plies  too many unknowns fo r  the system (3.4) and (3 .5) to  so lv e .
A measure of the poorness of f i t  of a d i f f u s io n  model to  
the  true  s i tu a t io n  i s  the s iz e  of the  solved background contam ination. 
A poor modeling a t tem p t, fo r  example, a la rge  e r ro r  in wind d i r e c t io n ,  
r e s u l t s  in  a la rg e  As the  modeling attem pts d e t e r i o r a t e ,
approaches a simple a r i th m e t ic  average of the input samples and the 
pseudo-sources approach zero .
One Location Out of Three Used A.s A Control S ite
Three samples from roughly the same time span (h e re a f te r  termed 
' s i n g l e  period  d a t a ' )  were inpu t where each s i t e  was used a l t e r n a t e ly
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as a c o n t ro l  w ith  th e  o th e r  two input to  the  op tim iza tion  a n a ly s is .
One pseudo-source was assigned to  the  s tack  as a poin t source w ith  an
e f f e c t iv e  h e ig h t  o f  150 m ete rs—the  o th e r  degree of freedom taken by
the background contam ination . Tables I I ,  I I I ,  and IV l i s t  sev e ra l
r e s u l t s  of u s in g  la rg e  (approx.. 50y,gm m ) ,  medium, and small samples
( in  background range) a s  c o n tro ls  fo r  the  two afternoons and the two
d if f u s io n  models. The l a r g e s t  e r r o r s  (x"x) occurred when estim ating
the small c o n t ro l  samples. These a re  l e s s  than an order of magnitude
sm aller than  the  l a r g e r  samples. One can argue th a t  a 10% b iased  e r ro r
in  the chem ical a n a ly s is  o f  the  l a r g e r  samples used in  the  v a r i a t i o n a l
technique could add 500% e r r o r  to  a c o n tro l  sample in  the  background
“3range (approx. l.^gm m ) .
F o r  most cases the tech n iq u e  had no problem re c o n s tru c t in g  
la rg e r  samples used in  the  a n a ly s i s .  An exception to  t h i s  i s  shown 
in  Table I I ,  the  a f te rnoon  o f  the  U t h .  This i s  an example of the 
being fo rced  to  account fo r  almost a l l  o f  the contamination a t  the 
a n a ly s is  s i t e s .  This i s  a t t r i b u t a b l e  to  both input samples being 
on the  o rd e r  of magnitude of background contam ination.
F ig .  10 shows a p lo t  o f  pe rcen t e r ro r  versus sample s iz e  fo r  
the runs o f  Tables I I ,  I I I ,  and IV. F ig . 11 shows the u n f i l t e r e d  and ■ 
contoured r e s u l t s  v a l i d  fo r  the  a f te rn o o n  of the  17th using the optimized 
parameters l i s t e d  in  Table IV. The USPHS-TVA model was applied  in  th i s  
case . In  t h i s  and the  remaining f ig u r e s  the contours are  in  p ropor tion  to;
sca led  co n ce n tra t io n  = 10 log^Q(x). (7 .2)
The maximum c o n ce n tra t io n  i s  downwind to  the fac to ry  because of the 
s o u rc e 's  e le v a t io n .
The above procedure was rep ea ted  using a l l  the da ta  taken during  
the  working hours of the  two t e s t  days (h e re a f te r  termed 'm u lt ip le
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period  d a t a ' ) .  Tables V and VI show the  r e s u l t s  of two runs . In 
these  ta b le s  as w ell as most of the  o th e r  runs which involved two or 
more pseudo-sources, the s tack  lo c a t io n  of 150 meters e f fe c t iv e  
h e ig h t  was solved to  have a l l  o r  a la rg e  m a jo rity  of the source 
s t r e n g th .  This i s  encouraging because most of the SOg contamination 
o r ig in a te s  from the  s tack . F ig . 12 shows the u n f i l t e r e d  contoured 
r e s u l t s  of Table VI implementing the USPHS-TVA model. In t h i s  case 
the  s i t e  which had medium sized  samples was used as a c o n tro l .  The 
optim al background contamination was high (8,42p,gm m ) .  The v a l id  
time fo r  F ig . 12 i s  the same as fo r  Fig. 11 and, except fo r  the 
backgrounds, the  p a t te rn s  are  very  s im i la r .
F ig .  13 shows a p lo t  of pe rcen t e r ro r  versus  co ncen tra tion  fo r  
the  runs of Tables V and VI. The l a r g e r  e r ro r s  of the m u ltip le  period 
a n a ly s is  could conceivably be due to  f lu c tu a t in g  tru e  source and back­
ground s tren g th s  throughout the day which are assumed constan t in  the 
op tim iza tio n  techn ique. This problem could be e lim ina ted  through 
in te n s e  sampling over short p e r io d s .
Tv70 Locations Out of Three Used As Control Data
Data l im ited  to  the same time period could not be used in  th i s  
t e s t  because a t  l e a s t  2 input samples are  needed in  the v a r i a t io n a l  
techn ique . For t h i s  reason , only m u lt ip le  period da ta  were used in  t h i s  
t e s t ,  in p u t t in g  one s i t e ' s  data  a t  a time fo r  an an a ly s is  which estim ated  
the  o th e r  s i t e s  as c o n t ro ls .  F ig .  14 i s  a p lo t  of e r ro r  versus  concen­
t r a t i o n  fo r  the 17th using the s i t e  which repo rted  medium s ized  concen tra ­
t io n s  fo r  a n a ly s is .  The input d a ta  were reco n s tru c ted  c lo se ly ;  however, 
the  accuracy fo r  the co n tro l  d a ta  d e te r io r a te d .  In th i s  co n f ig u ra t io n  the 
pseudo-sources were assigned a sm all or zero va lue  by the op tim iza tion  
technique  and the background was roughly equal to  a simple a r i th m e tic
I L
mean. The sm alle r  co n tro ls  show an overestim ation  and the l a rg e r ,  an
u nde res t im atio n  due to  an optim al background accounting fo r  much of the
con tam ination . The standard  d e v ia t io n  fo r  the  an a ly s is  da ta  in  th i?
case was 1.65^gm m whereas the  s tandard  d ev ia t io n  fo r  the combined
-3sampling was 19.1|j,gm m . A wider v a r iance  among the input samples 
would have helped e lim ina te  t h i s .  F i g . , 15 shows the u n f i l t e r e d  r e s u l t s  
which implemented the USPHS-TVA model fo r  the run v a l id  on the morning 
of the 17 th .
The comparison of e s tim ated  values- of co n tro l data  w ith  tru e  
va lues  shows some e r r o r ,  p a r t i c u l a r l y  when only one s i t e  was used 
in  the o p t im iz a t io n .  These e r r o r s ,  however, are  in the same order of 
magnitude as one would expect from th e  chemical a n a ly s is .  I f  the 
v a r ian ce  o f  the  input d a ta  was sm all ,  then the optimal tended to  
be o v e rs ize d ,  in c reas in g  the  e r r o r  in  the estim ates  of co n tro l  d a ta .  
T here fo re , i t  i s  recommended t h a t  i f  measurements a re  taken s p e c i f i c a l ly
I
fo r  a p p l i c a t io n  in  t h i s  techn ique, they should be w ell s c a t te re d  w ith  
re sp e c t  to  mean crosswind d is ta n c e .
CHAPTER V III
CASE STUDIES
The o p tim iza tio n  technique was applied  to the survey da ta  
of August 11 and 17 using th ree  out of th ree  sample s i t e s  in  the 
a n a ly s is .  P a t te rn s  of contam ination fo r  a morning and afternoon 
period  were ob ta ined  using two d a ta  c o n f ig u ra t io n s .  Single period 
d a ta  from a l l  sampling s i t e s  were used in  one a n a ly s is  and the 
corresponding p a t te r n  determined fo r  th a t  p e r io d . In the  o ther 
co n f ig u ra t io n ,  m u lt ip le  period d a ta  from the complete working day 
were used and the r e s u l t in g  optimized Q's and used to  determine 
the p a t te rn s  a t  two v a l id  tim es. The r e s u l t s  l i s t e d  are  from the 
b e t t e r  of th e  two d i f fu s io n  model a p p l ic a t io n s  used in  each case . 
Tables VII and V III l i s t  the r e s u l t s  of the op tim iza tion  
technique app lied  as o u tl in ed  above. Because a minimum of th ree  
samples a re  used fo r  each, a t  l e a s t  two pseudo-sources are  solved. 
Those cases w ith  th ree  samples used two pseudo-source lo ca tions  
a t  the s tack  w ith  e f fe c t iv e  h e ig h ts  150, and 0 ,0  m eters. The 
cases which analyzed more than 3 samples optimized a system of 
pseudo-sources surrounding the  s tack  on the su rface  as w e ll  as 
sev e ra l  s tack  lo c a t io n s .  A ll  pseudo-sources except the 150 meter 
high s tack  lo c a t io n  were assigned an i n i t i a l  h o r iz o n ta l  and v e r t i c a l  
standard  d e v ia t io n ,  w^ and w^. These m u lt ip le  source con fig u ra tio n s  
were u su a l ly  j u s t i f i e d ,  i . e . ,  the optimal so lu t io n  had sev e ra l  nonzero
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pseudo-source s t r e n g th s .
The r e s u l t s  of August 11, 1971 show more e r ro r  of the two days. In 
the  v i c i n i t y  o f  the  f r o n ta l  zone on t h i s  day one would a n t i c ip a te  a v a r i a b i l i t y  
of wind d i r e c t io n .  This would make d i f f u s io n  e s tim ation  d i f f i c u l t  
and the poor d i f fu s io n  modeling i s  shown by the high background con­
tam inations in  the  f i r s t  and th i r d  ta b u la t io n s  of Table VII, In  the  
second ta b u la t io n ,  which re s u l te d  from a s in g le  period  d a ta  input 
taken a f t e r  the  f r o n t  had weakened, i s  le s s  than the  minimum 
sample as i t  should be, and the  e r r o r  o f  the  reco n stru c ted  samples 
i s  sm all. This in d ic a te s  a reasonab le  d i f fu s io n  estim ate  was input 
to  the o p tim iza tio n  process .
For both days (see Table V III  fo r  the r e s u l t s  of the  seventeenth) 
the g r e a te s t  e r ro r  i s  in  the a n a ly s is  done using m u lt ip le  period d a ta .
This a r i s e s  from the steady s t a t e  assumption used in  the  d e r iv a t io n  
of the  optim iz ing  technique. No doubt the  source s t re n g th  v a r ie s  
throughout the  day and the au thor has indeed observed f lu c tu a t io n s  
in  plume s t re n g th  a t  the Blackwell p la n t .
F ig .  16 through 23 show the  r e s u l t s  of applying the optimized 
parameters of ta b le s  VII and V III .  Because most of the  r e s u l t s  have 
more than one nonzero pseudo-source s t r e n g th ,  the  f i l t e r  described  
in  Chapter IV was applied  to  blend the  ensemble of plumes a t  and 
near the  source a rea .
In  comparing the contoured r e s u l t s  of the two inpu t da ta  
c o n f ig u ra t io n s ,  sev e ra l  d isc rep a n c ie s  a re  found. The f i e ld s  from 
the analyses  which used s in g le  pe riod  d a ta  in p u t ,  as w e ll  as those 
which used m u lt ip le  period d a ta ,  gave r e s u l t s  which were n ea r ly  equal 
in  the v i c i n i t y  of the sample s i t e s .  Near the  fac to ry ,  however.
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th e re  was some d i f f e r e n c e —the s in g le  period analyses g iv ing  a 
g re a te r  co n cen tra t io n  g rad ien t  in  t h i s  a rea .  The g ra d ie n t  is  
exaggerated by the logarithm ic  s c a l in g .  The m u lt ip le  period  analyses 
(F ig . 20 through 23) show a h igher background p o l lu t io n  throughout 
both days than the s in g le  (F ig s .  16 through 19) and t h i s  accounts fo r  
the  fewer contours and, a t  l e a s t  in  p a r t ,  the looser co n cen tra t io n  
g ra d ie n t  o f  the former. The lo c a t io n  of maxima are  c lo se r  to  the 
source a rea  and la rg e r  fo r  the s in g le  period ana lyses . I t  appears 
th a t  use of m u lt ip le  period sampling caused a smoothing where mass 
from peak c o n cen tra t io n  a reas  was d i s t r ib u te d  to  a reas  having only 
background v a lu es .  This type of smoothing causes the troublesome 
e r r o r  of an e rroneously  la rge  background which can only be e lim ina ted  
by a more accu ra te  d i f f u s io n  e s t im a te .
There are  some common c h a r a c t e r i s t i c s  of the two da ta  
c o n f ig u ra t io n  a p p l ic a t io n s  which give credence to  the r e s u l t s .  In  
a l l  cases th e  peak va lues  are  lo ca ted  downwind to  the  fa c to ry  in d ic a t in g  
a s u f f i c i e n t  q u a n t i ty  of e f f lu e n t  having o r ig in a ted  from an e leva ted  
source . This has a lread y  been demonstrated in  the tab u la ted  so lu t io n s  
of pseudo-source s t r e n g th s .  During very s tab le  cond itions  one would 
expect the  high va lues  to  be loca ted  f a r th e r  downwind and th i s  
tendency i s  demonstrated when comparing morning and a fte rnoon  p a t te rn s  
of the same d a ta  c o n f ig u ra t io n s .  The analyses which have the  same 
v a l id  times have s im i la r  shapes and, except fo r  high c o n ce n tra t io n s ,  
s im i la r  a re as  a re  enclosed . The a fte rnoon  of the 17th shows a wider 
plume fo r  the  m u lt ip le  period a n a ly s is  than fo r  the corresponding 
s in g le  period  a n a ly s i s ,  however, both are  wider than the  norm. Both 
the s in g le  period  and m u lt ip le  period  analyses show plumes which are
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more spread out across  wind fo r  the  17th. This day had very l ig h t  
winds and th e r e f o r e , th e  wider averaged plumes a re  probably a r e s u l t  of 
the low frequency wind d i r e c t io n  f lu c tu a t io n s ,  or meandering, playing 
an increased  r o le  in  d isp e r s io n .
CHAPTER IX 
CONCLUSIONS AND REMARKS
A v a r i a t io n a l  op tim iza tion  technique fo r  the mesoscale 
o b jec t iv e  a n a ly s is  of a i r  p o l lu t io n  was developed and t e s t e d .  Rather 
than f ind  a system of d i f fu s io n  c o e f f ic ie n t s  which b es t  f i t  a source 
inventory  and re c ep to r  sampling, a s e r i e s  of pseudo-sources and 
background contam ination a re  optimized to  best f i t  a given d i f f u s io n  
model and re c ep to r  sampling. This approach has the .advantages 
th a t  no source inventory  i s  necessary  and as few as two independent 
samples can be used, depending upon the  number o f  parameters to  be optimized. 
F u r th e r ,  i f  one has high confidence in  a  p a r t i c u la r  d i f f u s io n  model, the 
true  value of sources could be estim ated .
For the encouraging r e s u l t s  shown, the re  were many poor r e s u l t s  
which went in to  t h e i r  development, A s a t i s f a c to r y  an a ly s is  was 
c h a rac te r iz ed  by a smooth convergence of the Gauss-Seidel i t e r a t i o n s  
and a small but nonzero so lu t io n  to  the background contam ination. Id e a l ly  
the  background should be le s s  than or equal to  the sm alles t  sample 
involved in  the a n a ly s is .  The confidence in  an a n a ly s is  i s  fu r th e r  
s trengthened when the pseudo-sources which correspond to tru e  sources 
are nonzero. The use of s ev e ra l  models or sev e ra l  schemes of d e te r ­
mining d i f fu s io n  c o e f f i c i e n t s  i s  recommended in  an an a ly s is  which 
involves few samples. In  t h i s  case the tru e  s i tu a t io n  cannot be e a s i ly
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approximated by an ensemble of plumes from a s e r i e s  of pseudo-sources, 
th e re fo re ,  the b e s t  f i t t i n g  d i f fu s io n  model should be chosen. U sually  
the USPHS-TVA gave the b e t t e r  f i t  of the two models implemented. The 
analyses were in  genera l  good near the  downwind range of the sampling 
s i t e s ,  however, near the fa c to ry  the analyses  were in  q ues tion . The 
in c lu s io n  of a sampling near to  the f a c to ry  would have increased  the 
confidence in  the  r e s u l t s  in  t h i s  v i c i n i t y .
This v a r i a t i o n a l  an a ly s is  technique appears to  be a s a t i s f a c to r y  
a l t e r n a t iv e  to  an expensive dense sampling network. The la rg e r  c o n tro l  
samples were c lo se ly  p red ic ted  in  t e s t s  which analyzed samples of la rg e  
v a r ia n ce s .  The sm aller  c o n tro l  samples were p red ic ted  w ith in  the 
chemical a n a ly s is  e r ro r  bounds. U sually  the pseudo-source located  above 
the s tack  a t  an e f f e c t iv e  h e igh t of 150 meters was solved to  be the  
major source. This i s  encouraging because the Blackwell s tack  does, 
in  f a c t ,  account fo r  most of the s u l fu r  d iox ide  contam ination. The 
pseudo-source s t re n g th s  determined using  the two d i f fu s io n  models were, 
in  g en e ra l ,  s im i la r  in  s iz e ,  in d ic a t in g  a degree of i n s e n s i t i v i t y  to  
the type of model used. The use of a d i f f u s io n  model in  the op tim i­
z a t io n  enables v a rian ce  to  be reproduced. No or l i t t l e  variance  in  
the input d a ta ,  as in  the case when two out of th re e  s i t e s  were used 
as c o n t ro ls ,  re s u l te d  in  approaching a simple a r i th m e tic  mean of the 
analyzed d a ta  and the  pseudo-source s t re n g th s  approaching zero .
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APPENDIX A
A FUNDAMENTAL SOLUTION FOR FICKIAN DIFFUSION
F ick ian  d i f fu s io n  of p o l lu ta n ts  in  one dimension is  w r i t t e n  as a 
l in e a r  pa rab o lic  equation.
(A
A fundamental so lu t io n  to  (A .l)  i s  found by f i r s t  applying the sep a ra t io n  
o f  v a r ia b le s  technique then in te g ra t in g  the r e s u l t i n g  so lu t io n  over the 
complete range of e igenvalues.
The separa tion  of v a r ia b le s  technique assumes t h a t  the so lu t io n  
i s  a product of two independent fu n c t io n s ,  X(x) and T(t)
X = X (x)T (t) .  (A. 2)
S u b s t i tu t io n  and sep a ra t io n  o f  the v a r ia b le s  g ives
ml yll o
^  = K —  = + X ^ ,  (A.3)
where the constan t X i s  c a l l e d  an eigenvalue and X is  the corresponding
e ig en function . The two r e s u l t i n g  equations a re  an o rd inary  f i r s t  order
d i f f e r e n t i a l  equation in  t  and a second o rder equation  in  x. Choosing 
2
-X , t h e i r  so lu t io n s  are
-X^t
T = c .e  ^ (A.4)1
'2^cos>X = (A. 5)
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Use of the cosine term of (A.4) gives the  p a r t i c u l a r  s o lu t io n
2
X = c^e ^ ^ cos(Xx/K^. '
By in te g ra t io n  over the  f u l l  range of X, the general so lu t io n  
i s  w r i t te n  as:
c^e *"cos(XX/K^)d>. .  (A. 6)
To in te g ra te  (A.6 ) ,  make the following s u b s t i t u t i o n s ;
2 . 2X t  = 2 , X = z / t ^  , d X = t  M z, (A. 7)
p = X / ( tK ) \  (A. 8)
and ob ta in  the in te g ra l  ;
X = c^ t  J  e ^ cos(pz)dz = c ^ t  ^ I (p ) ,  (A.9)
— C O
where
/ ”  _  2e ^ z s in (p z )  dz. (A. 10)—00
In te g ra t in g  I ' (p) by p a r t s  g iv e s :
I* (p)  = " % p l ( p ) .  (A. 11)
The in te g r a l  I  has the  c h a r a c t e r i s t i c  of having i t s  d e r iv a t iv e  a 
func tion  of the o r ig in a l  I .  Therefore , I  i s  an exponentia l fu n c tio n ,
I (p )  = exp(- p^/4) , (A. 12)
and from (A.8) and (A.9 ) ,  the  fundamental s o lu t io n  to  F ick ian  d i f fu s io n  
i s  determined:
X = c t " ^  e x p ( - x ^ / 4 t K ) .  ( A . 13)
APPENDIX B
GAUSSIAN PLUME MODELING
The average d i s t r i b u t i o n  of mass w ith in  a cross  s e c t io n  of a 
d i f f u s in g  puff  i s  assumed to  be normally d i s t r ib u te d .  This Gaussian 
p r o f i l e  i s  a v a l id  s o lu t io n  to  F ick ian  d i f fu s io n  as shown in  Chapter I I .
I f  i t  i s  assumed th a t  d i f f u s io n  takes  p lace  independently in  each d i r e c ­
t i o n  of the c a r te s ia n  coo rd ina te  system, the p u f f 's  c o n cen tra t io n  p r o f i l e ,  
Xj i s  the product of th ree  normal d i s t r i b u t io n s  (U.S. Atomic Energy 
Commission, 1968).
'  ^ V 4 ~ a ' c '  ^X y z '
The ins tan taneous  s t re n g th  of a source loca ted  a t  0 ,0 ,0  i s  Q and the G' s 
a re  the  s tandard  d e v ia t io n s  of the th ree  normal d i s t r ib u t io n s .  The 
q u a n t i ty  (=ut) makes (B .l)  a p p l ic ab le  to  the  s i tu a t io n  where the  puff 
i s  being blown along x a t  a speed u in  a f ixed  coordinate  system.
Equation (B .l)  i s  e a s i ly  converted to  describe  d i f fu s io n  from a 
continuous source , Q, under s teady  s t a t e  cond itions . The plume i s  assumed 
to  be an i n f i n i t e  sum of p u ffs  and downwind d if fu s io n  is  allowed to be 
i n s ig n i f i c a n t  when compared to  t ra n s p o r t  by the  mean wind, u. I n te ­




%(%'?'=) = 2 r ô o 5  ^  '  (B'2)y z 2CT5
Several a p p l ic a t io n s  o f  (B.2) a re  l i s t e d  below. The b a s ic  d i f ­
ference  between them is  the manner in  whiçh the sigmas a re  determined. 
G enerally  an e f f e c t iv e  s tack  h e ig h t ,  H, i s  incorpora ted  in to  the equations. 
The problem of the surface  in te r f a c e  i s  solved in  a manner s im ila r  to 
h e a t  d i f f u s io n  theory where an image source i s  p laced  beneath the true , 
source ( i b i d . ) .  This allows p e r f e c t  r e f l e c t i o n  a t  the su rface .
2 , _x2
-^]Cexp[ -
y z -  2Jy 23%
2 (B.3)
+ expC-
The Bosanquet-Pearson model, 1936 (Montgomery and Corn, 1967):
2
X(x,y,0;H) = ------  exp[-------9~ô " = 9%. (B.4)
V2lTpqü X 2q4c^ ^
This v e rs io n  i s  not s t r i c t l y  binorm al. The second exponen tia l  is  no t 
squared and the denominator does no t f i t  the format of (B .2). The 
va lues  of p and q range from 0 .1  to  0 .02  and from 0.16 to  0.04 re sp e c t iv e ly  
fo r  moderately tu rb u le n t  co n d itio n s  to  s ta b le  c o n d it io n s .  This equation 
and the fo llowing are w r i t t e n  fo r  e s t im a te s  of su rface  co n cen tra t io n s  
only .
The Sutton model, 1947 (S u tton , 1953):
" TO c ' Vy z ^
/  JL
% (x,y,0 ;H) = e x p [-% (^  + ^ ) ]  , (B .7 )
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Cy and range from 0.21 to  0 .0 8 ,  and n from 0.17 to 0.35 fo r  moderately 
tu rb u len t  to  s ta b le  cond itions .
The modified Sutton model, 1957 (Ross, 1970);
2
% (x ,y ,0 ;0 )   --------- ^tiy+n" ' e x p [ -^ (- 4 ^ - - )]  , (B.6)
2TTCyC^UX ^  Cy X z
n„ n
a = c X y , a = c Xy y 2 z
This equation allows effective heights of sources to be located only on 
the surface (H=0).
The Pasquill-Gifford model, 1960 (Turner, 1969);
y 2 y ^ 2 .
The sigmas are  found from graphed va lues  f o r  s ix  s t a b i l i t y  c la s s e s .  This 
model has probably been the most f req u e n tly  applied  model during the I9 6 0 's.
The Cramer trea tm en t, 1959 (U.S. Atomic Energy Commission, 1968), 
uses Equation (B .7 ),  and assumes a power law to find  the sigmas:
The standard deviation of wind fluctuation is Og. The parameters p and 
q have values ranging from 0.45 to 0.85 and 0.86 to 1.89, respectively, 
for values of CTq ranging from 3.0 to 25.0 degrees.
The United S ta te s  Public  Health  Serv ice  -  Tennessee Valley Author­
i t y  model, 1964 (h e re a f te r  USPHS-TVA model) (Montgomery and Corn, 1967):
■  ^ c  o !<%«%>y 2 y z
%  -  > " ,  =
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For moderate to  average turbulence and are both equal to  0.75',
C i s  -0.101167 - 0.15439Ü and C equals  -0.141965 -  0.011797Ü. For.
y z
low tu rbu lence  M , M , C and C are 0 .6 2 , 0 .3 0 ,  1 .5 ,  and 12.0 r e s p e c t iv e ly ,  y z y z
The u n i t s  in  t h i s  treatm ent are  f e e t  and seconds.
G reen 's  fu n c tio n  (Roberts, e t  a l . ,  1970);
X ( t . f ) --------- 375-----------2--------------------------
(2TT) ' a ( t - t ' ) a  ( t - t ' ) a  ( t - t ‘) Zr'  '  X y z X
This equation  c lo se ly  resembles (B . l ) .  I t  desc r ib e s  the d isp e rs io n  of. 'a  
s in g le  puff  em itted  in s tan tan eo u s ly  a t  tim e t* a f t e r  t r a v e l l i n g  a  d i s ­
tance u ( t - t ' ) .  The v e r t i c a l  and h o r iz o n ta l  sigmas, cr^, CT̂ , in- t h e  c ited , 
re fe ren ce  are the same as fo r the P a s q u i l l -G if fo rd  model and cr^ is.- se t:  
equal to  O^. Eq. (B.IO) may be used to e s t im a te  d i f fu s io n  from a  con tinu ­
ous source by summing a f i n i t e  number of p u f f s .  The advantage o f  such an 
a p p l ic a t io n  i s  th a t  a varying mean wind can be incorporated  and th e re fo re ,  
la rg e  t ra n s p o r t  d is ta n ce s  may be employed.
APPENDIX C
DERIVATION OF EULER-LAGRANGE EQUATION FOR LOW-PASS FILTER
In the a p p l ic a t io n  of v a r ia t io n a l  c a lc u lu s  presented in  Chapter 
IV, the e r r o r  rep resen ted  by the fu n c t io n a l  J  i s  minimized. J  i s  a 
fu n c tio n  of the d a ta ,  guess f i e l d ,  f i r s t  o rder and second order con­
s t r a i n t s  (Eq. 4 .2 ) :
J = - X)^ + «2<X -  X ' ) ^  + + (Vy%)2]
n
( c . i )
+ + (?yyX)^]1 43 .
The analyzed contamination, X, is optimized when J is minimal. This 
occurs when J's variation, 6J, is equal to zero. Carrying through the 
operation:
61 = 2 J b x  + a^( x - x) 6x + Pĵ [v̂ x6X + V̂ XVôxl 
n
(C.2)
+  9 2 [ 7 x x % ? x x * %  +  : ? x y X ? x y * % + 7 y y % 9 y y * % ] )  .
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I f  n a tu ra l  boundary cond itions  hold , the following commutative law
ap p lie s .
X6X (C.3)
This i s  e a s i l y  shown by p a r t s  in te g ra t io n  of (C .2). The s o -c a l le d  n a tu ra l  
boundary co n d it io n s  fo rce  the  p a r t s  in te g ra t io n  term which i s  in te g ra te d  
over the boundary to  zero . U sually  t h i s  i s  accomplished by allowing no 
v a r ia t io n  along the boundary (6x = 0 ) .  With a i r  p o l lu t io n  a p p l ic a ­
t io n s  t h i s  can be v a l id a te d  by solv ing  over a la rg e  enough space so th a t  
the boundaries a re  assumed to have e i th e r  a zero or a steady background 
c o ncen tra tion .
Eq. (C.2) can then be w r i t t e n  as
2 j[^(X - X) + 5?2(X-X') - BiĈ xxX + V X)yy
+ + VyyyyX)} = 0,
A n o n t r iv ia l  so lu t io n  has the [ } p o rtion  of (c.4) equal to zero , th e re ­
fore
(X - X) +0^2 (X - x ')- P1 (V^X+ V X)yy
(C.5)
which is  termed the Euler-Lagrange or an a ly s is  equation .
&
APPENDIX D
CONVERGENCE OF LOW-PASS FILTER
The proof o f  convergence for. the f i l t e r i n g  technique i s  analogous 
to  the  method desc ribed  by Sasaki (1970c). I f  the  tru e  s o lu t io n  to  the  
Euler-Lagrange Eq. (4 .3) i s  then the  e r r o r  a f t e r  i t e r a t i o n  tn i s
X(. • Eq. (4 .3) is  a l i n e a r  o p e ra to r  ac t in g  on x> th e re fo re
LCx"*) = L(X”) -  h ( x p  = L(X™-Xt> = L(AX" )̂ = , (D .l)
where ^™^is th e  r e s id u a l  equation  a t  pass m;
(m)
yy ' '  '  2' xxxx^
* . <” -2)
I f  the  e r r o r  a t  i t e r a t i o n  n u m b e r  m + l i s  determined using Richardson or 
simultaneous r e la x a t io n ,
,  ( D .3 )
( ' ' I + « . - 1 7 + 1 7 - )
where a symmetrical g r id  is  assumed:
Ax = Ay = As.
I f  the so lu t io n  i s  convergent, then the e r r o r  o f  the  (nH-l)th 
guess must be l e s s  than or equal to  th a t  of th em ^h  guess. Therefore ,
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the a m p l i f ic a t io n  f a c t o r .  G, as defined  in  Eq. (D.4) must be ^  1 ’.
G Ax . (D.4)
The e r r o r  p a t t e r n  fo r  the m^  ̂ guess can be expressed by a simple 
two dim ensional harmonic;
Upon s u b s t i t u t i o n , t h e  cen te red  space f i n i t e  d if fe ren c e  o p e ra to rs  (4.12) 
through (4 .16) can be w r i t t e n  as
= [ -  4sin^(p,Ax/2)]As^, (D.5)
*  = [ -  4sin^(TlAy/2)]As^, (D.6)
'^xxxx "  Cl6sin^(viAx/2)]As^, (D.7)
^yyyy ^ [ 16 S iO^ (T|Ay /  2 ) ] A S (D . 8 )
2*xxyy = [32sin^(iiAx/2)sin^(TlAy/2)]As^. (D.9)
The r e s id u a l  equa tion  fo r  the mP̂  guess i s  then
SA(pi^ + ̂ 2} ■ 4 9 i [ -  s in2(^6x/2) - , sin^(TlAy/2)]/As^
+ p2[lG(sin^(pAx/2) + sin4(^Ay/2)) (D.IO)
+ 32sin^(p,Ax/2)sin^(T]Ay/2)]/As4},
The (nri-1)^^ guess fo r  th e  e r ro r  i s  in  the form
= Ax'"’- ^  = A ^ E ^ ]  , (n. 11)
and a va lue  fo r  G i s  ob ta ined  by combining Eqs. (D.4), (D.IO) and ( D . l l ) :
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B^[-4(sin^(^Ax/2) + s ln ^ (^ 6 y /2 ) )  ~ ^ ( \ i h x / 2)
+ sin^(TlAy/2)) 4-32aln^(pAx/2 )sin^fqAy/2 ) - 20]/As^
G=  ------------------------------------------------------------------------------------------------"(D.12)
[ffj. 4- a 2  4- 4pj./A s^  4- 2 0 ^ 2 ^ h s ^
One manner o f  in suring  convergence i s  to  have the re sp ec t iv e  
c o e f f ic ie n t s  f o r  each weight in  the numerator be le s s  than or equal to  
those of the denominator o f  Eq. (D.12). This c r i t e r io n  occurs unques­
t io n ab ly  fo r  a l l  b u t  the term. With t h i s  weight the following must
hold fo r  u n iv e rsa l  convergence:
16sin^(^iAx/2) 4-16sin^CnAy/2) 4-32sin^(p,Ax/2)sin^(TlAx/2) - 20 < 20.
(D.13)
When e i th e r  p o r  ^ = 0, i . e . t h e  e r r o r  fu n c tio n  ap p lie s  in  one dimension 
only , Eq. (D.13) reduces to 16sin^(^ As/2) ^  20 which i s  true  fo r  any n 
or T] and As. When both n and 1] are  nonzero, (D .13) 's  c r i t e r i o n  i s  met i f
as was the  case in  t h i s  study where the q u a n t i ty  (5^ 4- a^) was two orders  
of magnitude g re a te r  than
I f  w eights are  needed which do not s a t i s f y  (D.14), a proper choice
of a r e la x a t io n  fa c to r* ,  Ŷ > w i l l  damp ou t e r r o r  propagation where the
e r ro r  re cu rs io n  formula is
Ax - (o^ + 0/2 + 43^/As^ 4- SWpg/As^] . (D.15)
The Pg terms a re  is o la te d  by s e t t in g  = 0 and Y  ̂i s  solved
from (D.15). Convergence i s  guaranteed fo r  Y-ĵ  ^  5/8 .
*Personal communication w ith  Y. Sasaki.
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S ta r t Stop PPM ligm m"-
0630 1030 (CDT) 0.0017 4.976
1030 1430 0.0004 1.171
1430 1830 0.0009 2.634
1830 2230 0.0007 2.049
0800 1000 0.0010 2.927
1000 1200 0.0013 3.805
1400 1600 0.0004 1.171
0815 1015 0.0220 64.392
1015 1215 0.0194 56.782
1415 1615 0.0137 40.099
0615 0815 0.0032 9.366
0815 1015 0.0038 11.122
1015 1215 0.0023 6.732
1215 1415 0.0026 7.609
1415 1615 0.0035 10.244
1615 1815 0.0018 5.268
1815 2015 0.0019 5.561
0600 1000 0.0006 1.756
1000 1400 0.0004 1.171
1400 1800 0.0004 1.171
0630 0800 0.0166 48.587
0830 1000 0,0140 40.977
1030 1200 0.0201 58.831
1230 1400 0.0209 61.172
1430 1600 0.0179 52.391
1630 1800 0.0164 48.001
The lo ca t io n s  of samples are given in  p o la r  coo rd ina tes ,  
where the o r ig in  i s  a t  the c en te r  of the  Blackwell p lan t 
and 0° i s  n o r th .  The concen tra tions  re p re se n t  an average 




TESTING OPTIMIZATION USING A LARGE SAMPLE AS CONTROL IN
SINGLE PERIOD ANALYSIS
Optimal X Background
Period of Sampling x^gm m xuSm % E rro r Q gm sec ugm m~^
Afternoon of 11th, USPHS-TVA Model:
1030 - 1430 CDT 1.17 1,17 Q..Q .
1400 - 1600 1.17 I . I 7  0..0 5 x 10 ' l ',17'
1415 - 1615 40.1* 1 .17 -97..L
Afternoon of l l t h ,  P a s q u i l l -G if fo rd  Model:
1030 - 1430 1.17 1 .17 Q.,a .
1400 - 1600 1.17 1,17 0..0 2 x 16 1.17'
1415 - 1615 40.1* 1,17 -9 7 .1
Afternoon of 17 th., USPHS-TVA. Model:
1615 - 1815 5.27 5 ,27 Q.O
1400 - 1800 1.17 1,17 0..0 261 0 ,97 '
1630 - 1800 48.0* 67.0 -39 .6
Afternoon of 17th, P a sq u i l l -G if fo rd  Model:
1615 - 1815 5.27 5.27 0.0
1400 - 1800 1.17 1.17 0 .0  381 0,73
1630 - 1800 48.0* 15.3 -6 8 ,
The po in t pseudo-source w ith  150 meters e f f e c t iv e  h e igh t was lo ca ted  
a t  the  s tack  s i t e .
* in d ic a te s  co n tro l  sample.
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TABLE I I I
TESTING OPTIMIZATION USING A SMALL SAMPLE AS CONTROL IN 
SINGLE PERIOD ANALYSIS
optimal ’. J  X  Background
Period of Sampling \ngm m m % Error Q gm sec ugm m______
Afternoon of l l t h ,  USPHS-TVA Model:
1030 -  1430 CDT 1.17* 0.94 -19 .6
1400 - 1600 1.17 1.17 0 .0  260. 0.93
1415 - 1615 40.1 40.1 0 .0  .
Afternoon of l l t h ,  P a s q u i l l -G if fo rd  Model:
1030 - 1430 1.17* 0 .0  -100.
1400 -  1600 1.17 7.78 565. 207. 0.0
1415 - 1615 40.1 38.8 3.31
Early  Afternoon of 17th, USPHS-TVA Model:
1215 -  1415 7.61 7.61 0 .0
1000 - 1400 1.17* 4.75 306. 226. 3.87
1230 -  1400 61.2 61.2 0 .0
Early  Afternoon of 17th , P a s q u i l l -G if fo rd  Model:
1215 - 1415 7.61 18.1 , 138.
1000 - 1400 1.17* 8 X 10" -99 .9  152. 0 .0
1230 - 1400 61.2 57.9 -5 .35
The p o in t  pseudo-source w ith 150 meters e f f e c t iv e  h e ig h t  was located 
a t  the  s tack  s i t e .
* in d ic a te s  c o n tro l  sample.
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TABLE IV
TESTING OPTIMIZATION USING A MEDIUM SAMPLE. AS.- CONTROL IN 
SINGLE PERIOD ANALYSIS
Optimal y  Background
^  "3 *“3 o "  1. ..  3Period of Sampling yagm m yagm m X, Error. Q gm sec ugm_m_____
A fternoon of l l t h ,  USPHS-TVA Model:
1430 - 1830 CDT 2.63* 0„94 -64.
1400 -  1600 1.17 I . I 7  0 ,0  260: 0.94
1415 - 1615 40 .1  40 .1  0 .0
Afternoon of llth., Pasquill-Gifford: Modèle
1430 - 1830 2.63* 0 .0  -100.
1400 - 1600 1.17 7.78 565. 207"., 0 .0
1415 - 1615 40 .1  38.8 3.30
A fternoon of 17th, USPHS-TVA Model;
1615 - 1815 5.27* 4 .08  -22.5
1400 - 1800 1.17 1.17 0 .0  185;. 1.02
1630 - 1800 48.0 48.0 0 .0
Afternoon of 17th, P a sq u i l l -G if fo rd  Model:
1615 - 1815 5.27 14.9 184,
1400 - 1800 1.17 1.45 24.2 126 0.0
1630 - 1800 48 .0  47.9 0 .02
The po in t pseudo-source w ith  150 meters e f f e c t iv e  he ig h t was located  
a t  the s tack  s i t e .
* in d ic a te s  c o n tro l  sample.
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TABLE V
RESULTS OF MULTIPLE PERIOD ANALYSIS USING ONE CONTROL SITE FOR
11 AUGUST, 1971
Pseudo-Source Location
Distance D ire c t io n  E f fe c t iv e
from stack  (Degrees from Height
I n i t i a l  Plume Spread 
Assumed (meters) Q(gm sec
(meters) North) (meters) w Wz USPHS-TVA P a s q u i l l -
y G ifford
Stack lo c a t io n 150 0 0 120. 90.0
Stack lo c a t io n 0 10 10 0 .0 0 .0
200 270 0 20 5 0 .0 0 .0
200 90 0 20 5 0 .0 0 .0
Stack lo c a t io n 50 0 5 0 .0 0 .0
Background = 9.80 p,gm/m^ fo r  USPHS-TVA.
Background
3
= 8.97 |igm/m P asq u il l-G if fo rd ,
The parameters were solved using the USPHS-TVA and P a sq u i l l -G if fo rd  models. 
These va lues  r e s u l te d  from using  the  samples c o l le c te d  during the  working 
p o rt io n  of the  l l t h  (0800 -  1800). The c o n tro l  lo c a t io n  had samples of 
small to medium s iz e .
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TABLE VI
RESULTS OF MULTIPLE PERIOD ANALYSIS USING ONE CONTROL SITE FOR
17 AUGUST, 1971
Pseudo-Source Location
Distance D irec t io n E ffec t iv e I n i t i a l  Plume Spread 1
from stack (Degrees from Height Assumed (meters) Q(gm sec )
(meters) North) (meters) w USPHS-TVA P a sq u i l l -
y Gifford
Stack lo ca t io n 150 0 0 204. 94.9
Stack lo c a t io n 0 10 10 0.0 0.0
286 225 0 10 10 0.0 0.0
Stack lo ca t io n 100 0 0 0.0 0.0
286 315 0 10 10 0.0 17.8
200 0 0 10 10 0.0 5.59
Background = 8.42 ^gm/m^ fo r  USPHS-TVA.
Background = 7.30 ^gm/m fo r P a squ ill-G iffo rd .




SINGLE PERIOD AND MULTIPLE PERIOD ANALYSES FOR 11 AUGUST, 1971
Pseudo-Source L ocation






D ire c t io n  




E f f e c t iv e  Height 
(m eters)
Morning of l l t h
Wy(m) w (m) z
Optimal Pseudo- 
Source Size  
(gm s e c - 1)
0630 -  1030 4 .98 3.84 - 22.8 Stack L ocation 150. 0.0 0.0 0.01
0800 -  1000 2.93 4.07 38.9 Stack L oca tion  ^ 0.0 10.0 10,0 70.
0815 - 1015 64.4 64.3 - 0.01 Xy = 3.84 jjLgm m
A fternoon of l l t h
1030 -  1430 1.17 1.03 -1 1 .5 S tack L ocation 150. 0.0 0.0 140.
1400 - 1600 1.17 1.31 11.6 Stack Loca tion 0.0 10.0 10.0 100.
1415 - 1615 40.1 40 .1 0.0 "  1-03 y-Sm m"
Working p o r t io n  o f  l l t h
1030 - 1430 1.17 6.98 496. S tack  L oca tion 150. 0.0 0.0 127.
1430 -  1830 2.63 6.98 166. S tack L ocation 0.0 10. 10. 0.0
0800 - 1000 2.93 7.15 144. 270 200 0.0 20. 5 .0 0.0
1000 - 1200 3.81 13.0 241. 90 200 0.0 20. 5 .0 0.0
1400 - 1600 1.17 7.09 506. Stack Location- 50. 0.0 5 .0 0.0
0815 - 1015 64.4 76.5 18.7 0 200 0.0 20. 5 .0 0.0
1015 - 1215 56.8 31.7 -4 4 .2 180 200 0.0 20. 5 .0 0.0
1415 - 1615 40.1 23.6 -41 .1 Xb = 6.98 ugm m-3
Three s i t e s  ou t o f  th re e  were used in th e se  an a ly ses  of 11 August. The f i r s t two ta b u la t io n s  used d a ta
from roughly  the same time and the  l a s t  used a l l the  samples from the  working hours o f th e  day. On t h i s day
th e r e was a g re a t d e a l  o f  wind v a r i a b i l i t y  due to a f r o n t a l  passage and th e r e f o r e  modeling the d i f f u s io n was
d i f f i c u l t .  This shows up as a la rg e  background con tam in a tio n ,  Xj,» in  the  f i r s t  and l a s t  t a b u l a t i o n .
Vi
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TABLE V i l I
SINGLE PERIOD AND MULTIPLE PERIOD ANALYSES FOR 17 AUGUST, 1971
Pseudo-Source Location Pseudo-Source Optimal Pseu<
P erio d  of Sampling X _3 Optimal X D ire c t io n  D is tance E f f e c t iv e  Height Source Size
(CDT) (ligm m ) (p,gm m-3) 7oError (Degrees) (M eters) (M eters) w (m)
y
(m) (gm s e c - 1)
Morning of 17th .
0815 - 1015 11.1 11.1 0.14 Stack L ocation 150. 0.0 0.0 2.81
0600 - 1000 1.76 1.75 -0 .69 Stack Location 0.0 30. 5 .0 35.6
0830 - 1000 41.0 41 .0 0.01 X^ = 1.75 p,gm m”
A fternoon of 17th
1615 - 1815 5.27 5.03 -4 ,5 9 Stack Loca tion 150, 0.0 0,0 33,8
1400 - 1800 1.17 1,39 19,0 Stack Location 0,0 30,0 5 ,0 101, is
1630 - 1800 48 .0 48 .0 0,04 x^ = 0.816 (j,gm m"
Working p o r t io n  o f  17th
0815 - 1015 11.1 8.97 -1 9 .1 Stack Location 150. 0.0 0.0 217.
1015 - 1215 6.73 6.27 - 6.80 Stack Location 0.0 10.0 10.0 0.0
1215 - 1415 7.61 8 .51 11.8 225 283 0.0 10.0 10.0 0.0
1415 - 1615 10.2 20.9 105. Stack Location 100. 0.0 0.0 0.0
1615 - 1815 5.27 8.51 61.5 315 283 0.0 10.0 10.0 0.0
1000 - 1400 1.17 5.77 393. P 2PP Q.q ip .o IP.P 0.0
1400 - 1800 1.17 5.10 336. : 8q 2qq p.A ip .p IP.A A.A
0830 - 1000 41 .0 31.6 - 22.8 135 283 p.A • 10. P ip .p q .q
1030 - 1200 58.8 59.8 1.77 45 283 p.A ip .p IP.A P.A
1230 - 1400 61.2 59 .8 - 2.22 90 200 0.0 10.0 10.0 0.0
1430 - 1600 52.4 29.4 -43 .7 Stack L oca tion  ^ 0.0 50.0 5 .0 0.0
1630 - 1800 48 .0 59.8 24.7 Xy = 4 .93  |i,gm m“
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N O M D IM E N S IO N A L  STANDARD D EVIATION O F P L U M E
O'o
F ig .  1. The response  o f  the  mode In th e  f i l t e r e d  a n a ly s i s  f o r  s e v e ra l  w eigh t c o n f ig u ra t io n s .
The abscissa Is the nondlmenslonal standard deviation of the Gaussian distribution 
and the ordinate Is the response. Weight combinations which gave curve F, or very 
similar to It, were applied for the filtered runs.
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Fig . 2. A map o f the Blackwell, Oklahoma,area. The exact c en te r  of 
the  map and of the 20 by 20 mesh which i s  of the same s c a le ,  
i s  a t  the smoke s tack  of the Blackwell Zinc Company. I n t e r ­
s t a t e  ro u te  35, to  the l e f t ,  could provide a small source of
SO2 contam ination i sSO2; however, the g re a t  m a jo r i ty  o f  the
from the  s tack . D is tances  on the f ig u re  w ire  found using a 
lam bert conformai p ro je c t io n  w ith  the  re fe ren ce  l a t i t u d e  and 
lo n g itu d e  a t  the c en te r  o f  the  map. The t r i a n g le  in d ic a te s  the  
p o in t  from which F ig . 3 was photographed.
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F ig .  3. The Blackwell Zinc Company. The photograph was taken 0840 
GST 30 March, 1971. The p a r t i c u la te  p o l lu t io n ,  which is  
B lackw ell 's  major problem, can be seen coming from the b u i ld ­
ings which house the  h o r iz o n ta l  r e t o r t s .  Most of the su lfu r  










F ig .  4. Surface  s i t u a t i o n  o f  11/0700 CDT. A weak cold  f r o n t  was j u s t  n o r th  o f  B lackwell and weak 
thunderstorm s were re p o r te d  a long  the  f r o n t  from Texas to  New York. In  Oklahoma and 









F ig .  5. S urface  s i t u a t i o n  o f  11/1900 CDT. The f r o n t  h as  become s t a t i o n a r y  and has weakened in  the
Blackwell area. Enough heating has occurred in the afternoon to initiate scattered air mass 






















F ig . 6. The morning and a f te rnoon  soundings fo r  Oklahoma City (TIK), 
11 A ugust,1971. There i s  a noc tu rna l in v e rs io n  in  the morn­
ing (11/0700 CDT) w ith  decreasing  s t a b i l i t y  in  the a f t e r ­















F ig .  7. S urface  s i t u a t i o n  o f  17/0700 CDT, The Oklahoma a re a  i s  under th e  in f lu en c e  o f  a s t ro n g  high 
cen te re d  over Lake M ichigan. The morning s t a b i l i t i e s  were h igh  due to  subsidence  and r a d i a ­











Fig. 8 . Surface situation of 17/1900 CDT, In spite of the subsidence, there was 
enough heating to break the inversion in the afternoon.
68



























Figo 9, The morning and afternoon soundings fo r  Oklahoma C ity  [TIK] 
of 17 August, 1971. Early  in  the  morning there  i s  an in v e r ­
s ion  due to  subsidence and r a d i a t i o n a l  cooling . During the 
day th e re  was enough h ea tin g  to  break the  in v e rs io n .  The 
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F ig .  10. P e rc e n t  e r r o r  v e rsu s  sample s i z e  fo r  runs o f T ables I I ,  I I I ,  and IV. Inc luded  a re  v a lu es  of
th e  n a t io n a l  prim ary and secondary ambient s ta n d a rd s .  The b e s t  accuracy  f o r  bo th  c o n t ro l  d a ta  
and r e c o n s t ru c te d  a n a ly s i s  d a ta  i s  f o r ^ la rg e  c o n c e n t r a t io n s .  The West-Gaeke chem ical a n a ly s i s  
i s  v a l id  in  th e  range 15 to  293 p,gm m , In  the  background l e v e l  (approx . l^gm m ) only  o rd e r  





F ig .  11, Contoured va lues  of contam ination fo r  the a fte rnoon  of the
17th. The USPHS-TVA model was used to  es tim ate  d i f f u s io n  and 
the r e s u l t s  a re  u n f i l t e r e d .  The a n a ly s is  used two samples 
taken a t  roughly the same time and the optimal background 
contam ination , , i s  1.02 micrograms per cubic m eter. In 
t h i s  and subsequent contoured f igures , an 'A' in d ic a te s  a 
s i t e  used in  the an a ly s is  and a ' c ' marks the lo c a t io n  of a 
c o n tro l  sample. The lo c a t io n  of a pseudo-source i s  ind ica ted  
by an ' g ' °  Contoured u n i t s  a re  in  micrograms of s u l fu r  





F ig ,  12. Same as F ig . 11 except the an a ly s is  used samples taken
throughout the  working portion  of the day. The same s i t e  
was used as a co n tro l  and a h igher background, 8 .42, re su l ted  

















A 940 ■>/« 
•  746  
O 737 
A 699  
e  6 8 0  
A 651 
9 632
T T T T T




P a s q u il l-G if fo rd  Model











ô 6 7 8 3 iO 2 0  30 4 0  5 0  7 0  90
C O N C E N T R A T I O N  imicrograms m eter*®j
Fig. 13. Percent e r ro r  versus  concen tra tion  for runs rep resen ted  
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F ig .  14. Percent e r ro r  versus sample s iz e  from m u ltip le  period 
a n a ly s is  of working po rtio n  of the  17th . Two out of 
th re e  s i t e s  were input as c o n t ro l s .  The g re a te s t  







Figo 15, N o n fi l te red  r e s u l t s  from a n a ly s is  of one sample s i t e ' s  da ta  
in co rp o ra t in g  the  working p o r t io n  of the 17th. The USPHS- 
TVA model was used in  t h i s  op tim iza tion  a n a ly s is  and the 
v a l id  time of the contours i s  0830 to  1000 CDT. The back­






Figo 16, Wednesday morning, 0800 - 1000 CDT, 11 August, 1971, This 
f ig u re  i s  the  f i l t e r e d  r e s u l t  of using samples taken a t  
roughly the same time (s in g le  period  sampling) in  the  






F ig ,  17, Wednesday a f te rn o o n , 1400 - 1600 CDT, 11 A ugust,1971. The 
bent contour in  the v i c i n i t y  of the upper c e n t r a l  da ta  s i t e  
i s  an example of the  f i l t e r i n g  scheme attem pting to  f i t  the 
an a ly s is  to  input d a ta .  The c re scen t  shaped area  upwind to 
the  sm elter encloses  an area w ith  le s s  than background contam­
in a t io n .  This i s  an example of the low pass f i l t e r  giving an 
erroneous s o lu t io n  in  the v i c i n i t y  of a strong  f i r s t  order 
d i s c o n t in u i ty .  The background contam ination is  1.03. The 







F ig ,  18. Tuesday morning, 0815 - 1015 CDT, 17 August, 1971. Rest same 
as F ig .  16 except th a t  the P a sq u i l l -G if fo rd  model was used in  







X ^ = 0 .8 2
F ig , 19. Tuesday a fte rn o o n , 1615 - 1815 CDT, 17 August, 1971. The
background contam ination i s  0 .8 2 . The r e s t  i s  the  same as





F ig ,  20. Wednesday morning, 0800 - 1000 CDT, 11 August, 1971. This 
f ig u re  i s  the f i l t e r e d  r e s u l t  of applying the optimized 
param eters found using  a l l  the  p o l lu t io n  da ta  from the 
complete working day (m u ltip le  period  sam pling). The back­
ground contamination i s  6 ,98.
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X ,=  6 .9 8
F ig , 21. Wednesday a fte rn o o n , 1400 - 1600 CDT, 11 August, 1971, The
background contam ination  is  6 .9 8 , The r e s t  i s  the  same as





F ig ,  22. Tuesday morning, 0815 -  1015 CDT, 17 August, 1971. The back­





F ig . 23. Tuesday a fte rn o o n , 1415 - 1615, CDT, 17 August, 1971. The
background contam ination is  4 ,9 3 . The r e s t  is  the same as
F ig , 20.
